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RESUMEN (en español) 

 
El uso de la teoría del functional de la densidad (Density Functional Theory, DFT) se ha 
convertido en los últimos años en el procedimiento habitual para la simulación de 
nanoestructuras. Sin embargo es bien conocido que DFT sufre de limitaciones severas a la 
hora de describir sistemas fuertemente correlacionados para los cuales las aproximaciones no 
son válidas. 
 
Los sistemas fuertemente correlacionados se describen habitualmente por medio de métodos 
tight-binding. Estos modelos son más simples que los construidos en el espacio real dado que 
dependen de unos pocos parámetros y en algunos casos se pueden resolver algebraicamente.  
 
Los tres primeros capítulos de esta tesis están dirigidos al uso de la DFT en la descripción de 
modelos tight-binding para determinar sus verdaderas limitaciones. 
 
El cuarto y quinto capítulos están orientados a la aplicación directa de métodos DFT al estudio 
de dos problemas de interés en la investigación actual: la búsqueda de imanes moleculares 
con una gran energía de anisotropía magnética (MAE) y el estudio de uniones moleculares con 
electrodos de grafeno. 
 
En el primer capítulo se derivan el functional y la energía de canje-correlación exactas que nos 
permiten construir los potenciales de Kohn-Sham (KS) de los modelos de Andreson-Hubbard 
de uno y dos sitios, los cuales incorporan correlaciones. De esta forma podremos determinar si 
el uso de DFT exacto permite obtener una descripción correcta de estos sistemas. 
Encontraremos que esta descripción es incompleta incluso usando el funcional exacto. 
 
El segundo capítulo presenta un análisis del modelo asimétrico de Hubbard de dos sitios 
restringido con dos electrones. Usaremos las aproximaciones del campo medio y del ansatz de 
Bethe (BALDA) para determinar sus límites en función de la relación potencial externo-
interacciones. Aquí aplicamos los conceptos de la DFT a este modelo para establecer su 
descripción KS y la correspondiente conexión adiabática. Se deriva también un funcional 
parametrizado usando un nuevo método que permite mejorar la precisión de cualquier 
funcional aproximado conocida la relación entre las energías de correlación cinética y potencial 
del sistema. 
 
El tercer capítulo se centra en el análisis del gap en sistemas fuertemente correlacionados y los 
problemas que la DFT encuentra a la hora de estimarlo. Nos centramos en el dímero de 
Hubbard asimétrico. Determinamos el espectro de cuasi-partículas exacto incluyendo el 
potencial de ionización y la afinidad electrónica que permiten calcular el gap. Definimos un 
método para calcular los potenciales de KS para números de partículas fraccionarios y 
calculamos las cuasi-partículas de KS. Probamos que se cumplen los teoremas de Koopmans 



                                                                

 

 

 

y de Janak. Vemos que el espectro de KS es incorrecto con correlaciones fuertes excepto para 
el HOMO por definición. El gap de KS es menor que el real y vemos la relación de esto con la 
discontinuidad de la derivada. 
 
En el cuarto capítulo nos centramos en aplicaciones prácticas de la DFT. Simulamos moléculas 
órgano-metálicas con el objeto de encontrar magnetos moleculares estables a temperatura 
ambiente. La tecnología actual usa láminas delgadas para desarrollar bits magnéticos. La 
investigación actual busca diferentes alternativas como es el caso del uso de moléculas 
magnéticas o agrupaciones de metales de transición para reducir el tamaño físico de los bits. 
Los dímeros de algunos metales pesados (Ir, Pt) pueden mostrar anisotropías magnéticas 
colosales por la fuerte interacción espín-órbita de sus orbitales 5d. Aquí analizamos las 
propiedades de algunas moléculas basadas en metales de transición para comprobar si esta 
anisotropía sobrevive al encapsularlos en una molécula orgánica. 
 
El quinto capítulo analiza el empleo del grafeno en circuitos basados en uniones moleculares. 
El grafeno tiene unas propiedades excelentes como electrodo pero hay puntos pendientes 
como es el control de la forma de los bordes que influyen en las propiedades electrónicas y 
también cambia de forma arbitraria el acoplo y funcionalidades de las moléculas de la unión. El 
objetivo aquí es investigar las propiedades electrónicas y de transporte de diferentes 
morfologías de bordes en uniones moleculares. Se muestra de forma específica que algunos 
tipos de cuña dan lugar a resistencias diferenciales negativas, filtrado de espín y resonancias 
de Fano. 

 
RESUMEN (en Inglés) 

 
The use of Density Functional Theory (DFT) has become a standard procedure in the recent 
years for the simulation of nanostructures. However it is well known that DFT suffers from 
severe limitations when covering the description of strongly correlated systems for which those 
approximations are not good. 
 
Strongly correlated systems can be described by means of tight-binding models. Such models 
are much simpler than the more realistic real-space models as they depend on few parameters 
and in some cases can be solved algebraically. 
 
The first three chapters of this thesis are devoted to the use of the DFT machinery to the 
description of such lattice models in order to assess the true limitations when DFT is applied to 
strongly correlated systems. 
 
The fourth and fifth chapters are oriented to the direct application of DFT to the study of two 
different and interesting problems: the search of molecular magnets with large magnetic 
anisotropy energy (MAE) and the study of molecular junctions using graphene leads. 
 
In the first chapter we derive the exact functional and the exchange-correlation energies that let 
us building the Kohn-Sham (KS) potentials of the single and double site Anderson-Hubbard 
models in order to find out if the exact DFT gives the correct description of such systems. We 
find that this description is in general incomplete. 
 
The second chapter presents an analysis of the double-site asymmetric Hubbard model with 2 
electrons. The properties of its ground and excited states are discussed. We then use the 
Mean-Field (MF) and the Bethe-ansatz LDA (BALDA) approximations to assess their 
performance as a function of the external potential-interactions ratio. We then apply the 
concepts of DFT to this model, establishing its KS description and the corresponding adiabatic 
connection. A parametrized functional is also devised using a method that allows improving the 
accuracy of any approximated functional whenever the relation between the kinetic and the 
potential correlation terms is known. 
 
The third chapter covers the DFT estimation of the fundamental gap in strongly correlated 



                                                                

 

 

 

systems. We study the asymmetric Hubbard dimer. We find the exact quasi-particle excitation 
spectrum, including the ionization potential and electron affinity, which let us derive the real gap. 
We set a method to calculate the KS potentials for non-integer particle numbers as a necessary 
step to find the KS Green's function. We prove that the Koopmans' and the Janak's theorems 
are obeyed. We find that the KS spectrum is in general incorrect, except for the HOMO by 
definition, when strong correlations are dominant. The KS gap is always smaller than the true 
gap with interactions and we find the role of the derivative discontinuity on this. 
 
In the fourth chapter we focus on the practical use of DFT and we test several organometallic 
molecules based with the objective of finding stable molecular magnets at room temperatures. 
The current technology uses thin-sheets for manufacturing magnetic bits for data storage. 
Different alternatives such as the use of single molecular magnets or clusters of transition 
metals to reduce the physical size of a bit. Heavy metal dimers may show huge magnetic 
anisotropies provided by a strong spin-orbit coupling (SOC). We analyze the magnetic 
properties of several organometallic molecules based on transition metals to determine if such 
huge anisotropies survive when the metal is encapsulated into the organic molecule. 
 
The fifth chapter analyzes the use of graphene in the development of nanoelectronic circuits 
based on molecular junctions. The graphene has unique properties excellently matching the 
requirements for ideal electrodes. However the use of graphene nanoelectronics is difficulty 
because the shape of the graphene edges can change arbitrarily the coupling and switching 
functionality of the molecules attached. The aim of this chapter is to investigate the electronics 
and transport properties of different edge morphologies of graphene-wedge single-molecule 
junctions. It is shown that some graphene-wedge BDT and BPD junctions show negative 
differential resistance (NDR), spin-filtering (SP) behavior and Fano resonances. 
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PREFACE

The first part of this thesis is a theoretical work on the basics of the Density Functional Theory, which describes an
atomic system in terms of the electronic density and maps the interacting system onto an equivalent non-interacting
one with an effective external potential. The simplification allows to perform fast simulations of the ground state
of solids and molecules. This kind of simulations are known as ab initio or first principles simulations as there are
no free parameters involved and everything is obtained from the postulates of quantum mechanics. Two important
concepts in DFT are the exchange-correlation energy and the corresponding functional, which are not exactly known
in general. This problem is solved by using approximations that work fairly well in general except when covering the
description of strongly correlated systems. These systems are usually described by means of tight-binding models,
which are well known in the many-body community. Such models are much simpler than the real-space counterparts
as they depend on few parameters and in some cases can be solved algebraically. They offer the possibility of testing
DFT in strong correlated systems as the exact functional can be derived at least numerically. The first three chapters
are devoted to the use of the DFT machinery to the description of such lattice models in order to assess the real
efficiency of this method and its true limitations when applied to the analysis of strongly correlated systems.
In the first chapter we derive the exact functional and the exchange-correlation energies that let us building the

Kohn-Sham (KS) potentials of the single and double site Anderson-Hubbard models, which incorporate correlations,
in order to find out if an exact density functional theory gives the correct description of such systems.

The second chapter presents an analysis of the double-site asymmetric Hubbard model in the subspace of N =
2 electrons. The properties of its ground and excited states are discussed. We then use other well known approxi-
mations as Mean-Field and Bethe-ansatz LDA to assess the limits of applicability of these techniques as a function
of the external potential-interactions ratio. We then apply the concepts of density functional theory to this model,
establishing its KS description and the corresponding adiabatic connection. A parametrized functional is also devised
using a method that allows improving the accuracy of any approximated functional.
The third chapter covers the DFT estimation of the fundamental gap in strongly correlated systems. We

concentrate our analysis on the asymmetric Hubbard dimer. We find the exact quasi-particle excitation spectrum,
including the first ionization potential and electron affinity, which let us derive the real gap. Then we set a method
to calculate the Kohn-Sham potentials for non-integer particle numbers as a necessary step to find the Kohn-Sham
Green’s function. We check that the Koopmans’ and the Janak’s theorems are obeyed by these lattice models. We
extract the Kohn-Sham gap and compare it with the true gap.

The second part of the thesis is oriented to the direct application of DFT to the study of two different and
interesting problems: the search of molecular magnets with large magnetic anisotropy energy that could become the
main ingredient of a new generation of data storage devices, and the study of molecular junctions using graphene
leads with different shapes that may provide non-trivial functionalities to the circuit.
In the fourth chapter we focus on the practical use of DFT and we test several organometallic molecules based on

5d metals with the objective of finding a molecular magnet stable at room temperatures. We analyze the magnetic
properties of several organometallic molecules based on 3d and particularly 5d elements to determine if the huge
anisotropies provided by the spin-orbit interaction survive when the heavy metal is encapsulated into the organic
molecule.
The fifth chapter analyzes the use of graphene in the development of nanoelectronic circuits based on molecular

junctions. The graphene has unique properties excellently matching the requirements for ideal electrodes. However, a
crucial pending issue for the use of graphene nanoelectronics is the difficulty in controlling the edges of graphene sheets
which could influence not only the electronic properties of the graphene electrodes but also change arbitrarily the
coupling and switching functionality of the molecules attached. The aim of this chapter is to investigate the electronics
and transport properties of different edge morphologies of graphene-wedge single-molecule junctions. Different simple
molecules as Benzene-dithiolate (BDT) or bipyridine (BPD) are studied as molecular junctions between the graphene
electrodes, showing a large variety of non-trivial functionalities provided a suitable wedge is chosen. Specifically, it is
shown that some graphene-wedge BDT and BPD junctions show negative differential resistance (NDR), spin-filtering
(SP) behavior and Fano resonances.





CHAPTER 1: Exact Kohn-Sham eigenstates versus quasi-particles in simple models

of strongly correlated electrons

The use of Density Functional Theory (DFT) has become a standard procedure in the recent years
for the simulation of nanostructures. The development of new methods that allow the manipulation
of atoms and molecules and the controlled design of mesoscopic systems makes very interesting to
have reliable simulation tools to define the characteristics that these systems shall have to obtain
the desired functionalities. Two important concepts in DFT are the exchange-correlation energy
and the corresponding functional, which are not exactly known in general. This problem is solved
by using approximations that work fairly well in general. However it is well known that DFT suffers
from severe limitations when covering the description of strongly correlated systems for which those
approximations are not good. It is believed that the use of exact expressions would result in a
correct description of strong correlations, but this has never been explicitly shown. The aim of this
work is to derive exact exchange-correlation functionals for single and double site Anderson-Hubbard
models, which incorporate correlations, in order to find out if an exact density functional theory
gives the correct description of such systems. We will find that this description is incomplete even
using the exact functional.

1. INTRODUCTION

The material world studied by chemistry and condensed matter physics is built up of atom nuclei and electrons.
These are the basic elements that have to be considered for the assessment of the properties of atoms, molecules,
nanostructures and mesoscopic systems in general. This is becoming a very important point in current research not
only from an academic point of view but also in technological terms because the nano-world is growing in importance
with the advent of new techniques that allow the manipulation of at hand of these structures up to the atomic
level. Physical laws at the level of nanostructures are dominated by quantum mechanics which in the non relativistic
approximation can be described by the use of the Schrödinger equation. But even the description of the most basic
element considered by chemistry, the atom, requires the solution of a complex equation in which must be taken
into account the interaction between electrons and nuclei and also the electron-electron repulsion. It is a must the
development of techniques based on approximation methods to obtain the main properties of the atoms. Among the
existing techniques, Density Functional Theory (DFT) has become one of the most powerful and extended in the
scientific community.
In spite of the success of DFT, there exist certain situations for which the method fails, mainly when the properties

of strong correlated systems is studied. DFT is in principle an exact theory but actually only approximate functionals
are used leading to errors. In this chapter we will devise a method to obtain exact functionals for strongly correlated
systems and we will compare the quasi-particle spectrum obtained from exact DFT with the real one. The aim is to
verify the real accuracy of DFT when applied to strongly correlated systems.

A. The strong correlation limit and DFT performance

In the world of solid state physics, strong correlation is a very important matter of study as is related with non
trivial phenomena such as Coulomb blockade or Kondo effect among others. Even in more simple systems such as
molecules, strong correlations have a great significance and rules the physics. A good example is the case of stretched
molecules that will be indeed a matter of analysis in the following chapter. If we consider for example the hydrogen
molecule with bond length R, we have that strong correlation effects are dominant when R→ ∞. This case will let us
understand a bit better the performance of DFT when applied to strong correlation systems and the issues associated.

Going to the stretched limit, we have a point in which R is so big as to have negligible interaction between the two
atoms. If we call the two atoms A and B, the correct wavefunction in this case will be given by the Heitler-London
(HL) wavefunction,

|HL〉 = 1√
2
(|AB〉+ |BA〉) ⊗ χsinglet (1)

where χsinglet represents the spin singlet. The solution represents that in the stretched limit there is one electron in
each atom. We can compare this with the doubly occupied Hartree-Fock molecular orbital,

|HF 〉 = |HF+, HF+〉 = 1

2
(|AA〉+ |AB〉+ |BA〉+ |BB〉) ⊗ χsinglet (2)
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We see that the HF wavefunction contains two terms that correspond to the two electrons located in one nucleus;
those solutions have a higher energy, so this can not be right in any way. There are ways to overcome this problem by
breaking the spin symmetry at a critical value of R called Coulson-Fischer point, which is known as the unrestricted
HF (UHF). In this way, the final result is a wavefunction that is not a spin eigenstate and that dissociates into a
spin-↑ (-↓) A hydrogen and a spin-↓ (-↑) B hydrogen with the right energy. At the Coulson-Fischer point the binding
energy has a discontinuity in its derivative.
Concerning DFT methods, we face the symmetry dilemma which considers whether to enforce the correct symmetry

but with wrong energy in the dissociation limit or to loose the symmetry but ensuring the correct dissociation energy.
The energy error is related with the correlation present in the stretched limit that comes from the localization on the
two atomic sites. This is called static correlation because there is no kinetic energy involved, just potential energy. All
chemical bonds have strong static correlation when stretched and even have noticeable effects close to the equilibrium
length; in some cases, this effect close to the equilibrium is strong for certain molecules such as Cr2 or O3.
In solids the situation is not too different, we can consider the Mott insulators as an example of this. For half

filling, the band theory indicates that the solid must be a metal as there is no gap. But when the lattice parameter of
the solid is increased, the electrons tend to be localized in each atom and the solid becomes an insulator and we have
a Mott-Hubbard transition. This transition is not correctly captured by DFT for which the system is still metallic.
Many of the solids for which this issue is present are strongly correlated.
We can understand the origin of the problem by realizing that as the bond is stretched, the separation between

the bonding and the antibonding levels becomes exponentially small. The two levels are nearly degenerate and
perturbation theory fails if no degeneration is assumed. The system is now better described as a weakly perturbed
atomic limit than considering the electron-electron interaction as a weak perturbation of the molecular orbitals.

B. The role of exchange-correlation energy on DFT approach

DFT is in principle an exact technique able to give the correct spectrum for any system. However, the exact
functional is not known in general mainly due to the rather difficult determination of the correlation effects. The
determination of the exact exchange-correlation (xc) energy, or at least of an acceptable approximation is indeed the
main issue that DFT must face to reproduce the real physics of a system. In this section we analyze the basics of
DFT making special remark on the significance and determination of the xc energy; for the description of the concepts
introduced we have mainly followed [1].

1. The Hohenberg-Kohn theorem

DFT mainly stands on the Hohenberg-Kohn theorem [2] which state that the external potential and hence the

total energy of a system is a unique functional of the electron density. This can be said in other words: for two

electron system with external potential V1(r) and V2(r) that have the same ground state density n0(r) it is verified

that V1(r)− V2(r) = cte. The densities that accomplish this characteristic are said to be v-representable.

The ground state density of a system is obtained from its wavefunction, which obeys the Schrdinger equation, so it
is not difficult to visualize that it is a functional of the external potential Vext; there is a one-to-one correspondence
between the external potential and the ground state density. The converse is also true, the density is a functional of
the potential n0[Vext], which is the hearth of the Hohenberg-Kohn theorem.
The total hamiltonian of the N -electron system is given by:

Ĥ = T̂ + V̂ext + V̂ee (3)

where T̂ is the kinetic-energy operator, V̂ext is the potential operator and V̂ee is the electron-electron interaction
operator, although in general may be substituted by a more general interaction term. Since the kinetic and the
electron interaction are fixed for a given system, the theorem implies that the hamiltonian (3) is also a functional of

the ground state density, Ĥ[n0(r)]. According to the Schrdinger equation, all the eigenstates of the system are now
density functionals, which implies that all the ground state and excited state properties of a system are determined
by its ground state particle density.
The Hohenberg-Kohn theorem also contains two corollaries related to the total energy functional associated with a

given external potential Vext(r),

E[n] = 〈Ψ[n]| T̂ + V̂ext + V̂ee |Ψ[n]〉 (4)



3

where n(r) is a density of the system and Ψ[n] is the unique ground state wavefunction that leads to this density.
According to the Rayleigh-Ritz principle, the total energy functional corresponds to the true ground state energy E0

only for n(r) = n0(r), where n0(r) is the ground state density belonging to Vext(r). Otherwise, E[n] > E0. Thus, the
ground state can be obtained variationally from the Euler equation

δ

δn(r)

[

E[n]− µ

∫

dr′ n(r′)

]

= 0 (5)

µ is a Lagrange multiplier that keeps the correct total number of electrons. The expression (4) may be written as,

E[n] = F [n] +

∫

drn(r)Vext(r) (6)

where the functional

F [n] = 〈Ψ[n]| T̂ + V̂ee |Ψ[n]〉 = T [n] + Vee[n] (7)

is universal as it is the same for any N-electron system with the same electron-electron interaction. The equation (5)
is then rewritten as,

δF [n]

δn(r)
+ Vext(r) = µ (8)

We find that the Hohenberg-Kohn theorem shows that the wavefunction Ψ which is a function of 3N variables may be
replaced by the ground state density n0, a function of only 3 variables, as the fundamental quantity to be calculated,
simplifying in great extent the problem to be solved. However, the universal functional is not known and finding good
approximations is the main issue in DFT.

2. Kohn-Sham equations

As indicated, the Hohenberg-Kohn theorems do not give a direct recipee to calculate the ground state density.
One year after their paper, Kohn and Sham [3] presented a simple method which shows basic steps to carry out
DFT calculations. Kohn and Sham based their method in the mapping of the full interacting system with the real
potential on a fictitious non-interacting system in which the electrons find a Kohn-Sham (KS) single particle potential

Vs whereby the N -particle hamiltonian is substituted by a fictitious one-particle KS hamiltonian Ĥs.
This is easily obtained by rewritting the total energy functional (6) as

E[n] = T [n] + Vee[n] +

∫

drn(r)Vext(r) = Ts[n] +

∫

drn(r)Vext(r) + UH [n] + Exc[n] (9)

where Ts[n] is the kinetic energy of the fictitiuos system, UH [n] is the Hartree energy and Exc[n] is the exchange-
correlation (xc) energy that is formally defined as,

Exc[n] = T [n]− Ts[n] + Vee[n]− UH [n] (10)

The Euler equation may be written now as,

δTs[n]

δn(r)
+ Vext(r) + VH(r) +

δExc

δn(r)
= µ (11)

The potential of the fictitious system is identified as,

Vs(r) = Vext(r) + VH(r) + Vxc(r) (12)

where the xc potential has been defined as,

Vxc(r) =
δExc

δn(r)
(13)

This method is still exact because it gives the same ground state density as the real system, but the calculation is
greatly simplified.
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3. Exchange-correlation energy

The main issue is related with the exact Exc[n] because it is a not known functional and it is a widespread belief
that it is not possible to find an analytic exact expression for it. The popularity of Density Functional Theory (DFT)
has arisen from the fact that semi-empirical fittings of Vxc to the exchange and correlation potential of the Jellium
model in the Local Density Approximation (LDA) and improvements over it [4–6] perform remarkably well for a
large majority of materials, molecules and nanostructures. The qualitative features of the structural and functional
properties of many systems are usually well reproduced, and in a number of cases, quantitative agreement can also be
reached. However, these practical implementations of DFT are not perfect. As we have seen previously, they fail to
predict a number of relevant properties, like the band gap of most semiconductors or the dissociation energies of many
molecules [4] related with strong correlated systems. Yang and coworkers have discussed some explicit conditions that
exact energy functionals must obey [7, 8].
DFT has also been proposed for tight-binding models of strongly correlated electrons [9]. The availability of exact

semi-analytical or numerical results for the ground state energy as a function of the electron concentration in the
Hubbard and the spinless fermion models [10, 11] has allowed to establish a Bethe ansatz LDA theory for them
[9, 12, 13]. An extension of the theory to describe time-dependent external potentials has enabled the description
of non-equilibrium electron transport phenomena [14–16]. However, Bethe ansatz LDA theory also has limitations.
First, since the Bethe ansatz solution expresses the ground state energy in terms of the electron concentration, only a
local density approximation could be formulated. Second, the analytic formula for ground state energy is exact only
at half-filling, while away from it semi-analytical or numerical fittings to the solution of the Bethe ansatz equations
must be performed. Finally, inhomogeneous systems where strong correlations take place in localized region of them
are better described by Anderson models. However, the Anderson model is Bethe ansatz-solvable only if the band
of uncorrelated electrons is linearized [17], leaving the system energy unbounded from below. Therefore, the ground
state energy can not be obtained by a minimization procedure, which renders the Bethe ansatz LDA approach useless
for the Anderson model.

4. Kohn-Sham vs. Quasi-Particle spectrum

The quasi-particle (QP) excitation spectrum of a system determines its response to external perturbations according
to Landau’s Fermi liquid theory. Furthermore, this spectrum is directly accessible via spectroscopic techniques of
different sorts. It would therefore be quite useful if the KS eigenstates provided at least a qualitative description
of it, as one would expect to happen at least for systems where electronic correlations are weak. This is indeed
confirmed by a vast amount of calculations and comparisons between KS eigenvalues and experimental or numerical
data of weakly correlated materials. However, quantitative agreement is sometimes not so good. Furthermore the
KS spectrum is frequently qualitatively wrong in strongly-correlated materials. Notice now that even if the exact
Vxc of a specific system is known, a possible correspondence between the exact KS and QP spectra is not supported
at all by the basic theorems of DFT. An exception is the Highest Occupied Molecular Orbital (HOMO) which by
Janak’s theorem is given by the chemical potential of the system, which is a ground state property [34–36]. In other
words, DFT predicts the correct position of the HOMO level of a system, provided that the exact Vxc, or a very good
approximation to it, is known. Failures to predict the correct position of the HOMO must therefore be attributed to
a poor approximation to the exact Vxc. Failures to reproduce the rest of the spectrum could however be due either
to limitations of DFT proper, or to a poorly approximated functional. Indeed, while an exact functional may not
provide a good description of the full QP spectrum, it is clear that if in addition, the quality of the approximate
functional is poor, the proposed spectrum of KS eigenvalues will bear a small resemblance to the true QP spectrum.
Since no exact functional for a strongly correlated system has been developed, the above two sources of disagreement
have never been fully disentangled.
The objective of the work presented in this chapter is to separate them. We will find the exact KS eigenvalues

of several simple models of strongly correlated electrons and compare them with the exact MB QP spectrum. This
will allow us to understand the size of the self-energy corrections to the exchange-correlation potential. One of the
main sources of disagreement between approximate DFT KS eigenvalues and exact QP originates in the Mean-Field-
like treatment of electronic correlations which lie at the heart of LDA. Indeed, electrons behave as quantum point
particles. However, Mean-Field theories replace quantum probabilities by classical clouds of charge. As a result,
every electron may interact with its own charge cloud, giving rise to spurious direct and exchange self-interaction
effects. Additionally, each electron interacts with the clouds of other electrons having opposite spin, leading to what
is sometimes called the static correlation error[7]. For systems containing more than one atom, these mean field
clouds are spread throughout the whole entity in contrast to electrons which are always point particles and therefore
fully localized. This spread gives rise to further spurious effects termed delocalization errors, which lead to incorrect
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dissociation energies for molecules[7].
Improving the description of the QP spectrum therefore implies improving the description of electronic correla-

tions. The Hartree-Fock approximation as well as the self-interactions correction scheme[4, 18–20] get rid of the
self-interaction effect, but not of other Mean-Field drawbacks. To go beyond these schemes, the Dyson-Sham-Schlter
equation must be used

G = Gs,approx +Gs,approx (Σxc − Vxc,approx)G (14)

where Gs,approx is the Green’s function obtained from the approximated KS hamiltonian. Notice that Gs,approx carries
already a Mean-Field description of the electron interaction. A perturbative expansion for the self-energy Σxc must
then be set up to improve the description of correlations and in particular to amend the destruction of quantum
effects brought about by the Mean-Field approximation. The GW approximation [21] has been quite successful in
the description of electronic and optical properties directly linked to the QP spectrum [22, 23], but do not correct
the problems mentioned above. Some recent work by Romaniello and coworkers show how the careful inclusion of
vertex corrections allows to get rid not only of the self-interaction effects but also of part of the delocalization effects
[23–25]. However, delocalization debris remains since molecular dissociation is still not well handled. In addition,
Millis and coworkers [26, 27] have studied the performance of the GW approximation for the Anderson model, and
shown how this approximation can describe Coulomb blockade effects, but fails to describe the emergence of Kondo
Physics [28, 29]. Dynamical Mean-Field Theory, implemented together with an accurate impurity-solver, includes
many of the most relevant short-range correlation effects [30–33]. We have devised a procedure that has allowed us
to find analytic expressions for the exact energy density functional of the single- and double-site Anderson, Hubbard
and spinless fermion models, from which we have been able to write down the corresponding exact Hamiltonians Ĥs.
Since the QP spectrum of these models is available analytically for integer values of the occupation from conventional
many-body (MB) techniques, we have been able to perform explicit and detailed comparisons of the full spectra of
exact KS eigenvalues and of MB QP. We have found that the KS eigenvalues corresponding to the HOMO level
agrees with the corresponding QP state. This implies that the exact Ĥs correctly predicts that the highest energy
for electron addition of an N -electron system is equal to the lowest energy for electron removal of the corresponding
N + 1 system[25]. We have also found that the exact Ĥs of the Anderson model describes correctly the emergence of
the Kondo resonance. However, we find that neither the number nor the energy position of the remaining exact KS
eigenvalues agree with the other QP of the system. A way to improve the description of the QP spectra would be to
use again the Dyson-Sham-Schlter equation

G = Gs,exact +Gs,exact (Σxc − Vxc,exact)G (15)

where Gs,exact is the Green’s function associated to the exact KS hamiltonian. We expect that this self-energy and its
perturbative expansion should be much simpler than Σxc defined in Eq.(14) above, because the unperturbed Green’s
function retains the quantum nature of electrons. Our piece of work is complementary to efforts by other groups to
provide exact functionals for simplified systems. We mention here recent work by Burke and collaborators, who have
found numerically exact density functionals for some one-dimensional models by combining DFT with Density Matrix
Renormalization Group techniques [37].

2. METHODOLOGY

We show in this section the method we have devised to find the KS hamiltonians of the systems analyzed.

A. Determination of the exact functional

We begin with a description of our method, which is based on the formulation of DFT on a lattice [9] and on
the constrained search described in the appendix A. However, we have found that the conventional ensemble-based
method to describe non-integer occupations [35, 38] fails in the formulation of the exact density functional of the
single-site model described below. We have therefore devised an alternative method which is specifically adapted for
the description of quantum systems with a small but not necessarily integer number of electrons N .
We consider a physical system whose time-evolution is dictated by a tight-binding hamiltonian. As an example, we
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write explicitly the hamiltonian of the Anderson model,

Ĥ = T̂ + V̂ee + V̂ext (16)

T̂ = −
∑

i,σ

tc (ĉ
†
i,σ ĉi+1,σ + h.c.)− t

∑

σ

(ĉ†1,σ d̂σ + h.c.) (17)

V̂ee = U n̂d,↑ n̂d,↓ (18)

V̂ext =
∑

i,σ

ǫc n̂c,i,σ +
∑

σ

ǫd n̂d,σ (19)

where a set of N electrons hop back and forth along a chain of i = 1, ..,M atoms, labeled by the index c, and to
another atom, denoted by the index d. Here V̂ is the on-site potential term, which includes any external potential
such as the Coulomb term due to the nuclei, T̂ is the kinetic term and V̂eerepresents the electron correlations which
take place via a Coulomb term U . The σ−index denotes the up and down components of the electron spin.
We use the Fock space of states of the system {|φ >} to set up our variational scheme. Site occupations, electron

numbers and the expectation value of the energy are given by

nα,σ(φ) =
< φ | n̂α,σ |φ >
< φ |φ >

Nσ =
∑

i

nc,i,σ + nd,σ

E(φ) =
< φ | Ĥ |φ >
< φ |φ > (20)

We wish to define an energy density functional Q[nc,i,σ, nd,σ′ , U ] = F [nc,i,σ, nd,σ′ , U ] + Vext[nc,i,σ, nd,σ′ ] whose mini-
mization gives the exact ground state energy E0 and occupations n0

i,σ for a target set of electron numbers (N0
↑ , N

0
↓ ).

Here we have identified F [nc,i,σ, nd,σ′ , U ] = T [nc,i,σ, nd,σ′ , U ] + Vee[nc,i,σ, nd,σ′ , U ] according to (7). This functional
F , as indicated above, is universal in the sense that it is the same for any (N0

↑ , N
0
↓ )-electron system with the same U

interaction.
To define Q, we note that every given set of occupations {nc,i,σ, nd,σ′} can be reproduced by several states |φ >.

In other words, if we classify these states in boxes labeled by each occupation set, then each box contains several
|φ >, and each of these has a different energy E(φ). If we choose in each box the state |φm > with minimum
energy Em = E(φm), we have a one-to-one correspondence between occupation sets and energies, which allows to
define the energy density functional Q[nc,i,σ, nd,σ′ , U ] = Em. Since there exist in general several sets of occupation
numbers {nc,i,σ, nd,σ′} giving the same target electron numbers Nσ = N0

σ , the ground state energy E0 is obtained by
minimizing Q over all those sets. This procedure then defines the ground state occupations {n0

c,i,σ, n
0
d,σ′}.

B. Definition of the Kohn-Sham hamiltonian

We define the exact KS hamiltonian as follows:

Ĥs = T̂s + V̂xc + V̂ext = T̂s + V̂s (21)

T̂s = −t
∑

i,σ

(ĉ†i,σ d̂σ + d̂†σ ĉi,σ ) (22)

V̂xc =
∑

i,σ

Vxc,c,i,σ n̂c,i,σ +
∑

σ

Vxc,d,σ n̂d,σ (23)

where V̂ is the external potential term (19). The xc potential Vxc is obtained by taking partial derivatives of Exc[n],

Vxc,c,i,σ[nc,i′,σ′ , nd,σ′′ ] =
∂Exc

∂nc,i,σ
i = 1, M

Vxc,d,σ[nc,i′,σ′ , nd,σ′′ ] =
∂Exc

∂nd,σ
(24)

Notice that the above procedure allows to define functionals and KS Hamiltonians for systems with a fractional
electronic number. However, the MB hamiltonian in Eq. (16) commutes with the electron number operator Nσ.
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Therefore the MB hamiltonian eigenstates must describe an integer number of electrons, unless some degeneracy
occurs. We will see later on that the functional Q has a polygonal shape, so that the exchange-correlation potentials
jump by constants at integer Nσ values, which lead to ambiguous definitions of the KS eigenvalues at integer Nσ.
However, the total energies of the ground and excited states of the KS hamiltonian Eα (α = 0, 1, ...) are continuous
because the jumps in the summations over KS eigenvalues are counterbalanced by similar jumps in the double-counting
terms.

C. Calculation of the Quasi-Particle spectrum

The QP spectrum of the MB hamiltonian can be compared with the KS and Mean-Field spectra by looking at the
poles and residues of the Green’s functions G(ω), GKS(ω) and GMF (ω). We define on this matter the MB HOMO
level as the QP peak which is partially filled. The exact G and GKS need not agree, except for the pole describing
the HOMO level. We will use the Lehmann representation[41] to compute G for integer N -values. In addition, the
equations-of-motion (EOM) method [40] yields a closed set of equations for G for the single-site model. This method
nicely enables to extrapolate the G-poles to non-integer electron numbers, and agrees with the results obtained using
the Lehmann representation for integer N . The mean field spectrum can be obtained from the eigenvalues of the
one-body Mean-Field hamiltonian, or using the EOM method for GMF . The KS spectrum could also be obtained
from the eigenvalues of the one-body KS hamiltonian. However, these KS eigenvalues are discontinuous at N integer
so ambiguities in the adscription of eigenvalues to QPs arise for integer N . It is therefore essential to use the Lehmann
representation as a guide.

3. SINGLE-SITE ANDERSON-HUBBARD MODEL

In this section we will devise the exact functional of the single-site Anderson-Hubbard model which will serve
us to obtain the KS spectrum. We will find that the functional is universal and provides the exact spectrum for
integer occupations. The shape of the functional shows a derivative discontinuity at N-integer, which makes the KS
eigenenergies discontinuous at that points.

The above methodology can be easily applied to the single-site Anderson-Hubbard model (M = 0), where only two
occupations {nd,↑, nd,↓} are defined. The states in the Fock space of the single-site model can be expressed using the
number basis |nd,↑, nd,↓ > as

|φ >= a0 | 0, 0 > + a↑ | 1, 0 > + a↓ | 0, 1 > + a2 | 1, 1 > (25)

The expectation value of the occupation numbers and the energy can then be expressed as

nd,σ(φ) =
|aσ|2 + |a2|2

D

E(φ) =
∑

σ

ǫd nd,σ + U
|a2|2
D

(26)

where D = |a0|2 + |a10|2 + |a01|2 + |a2|2. The simplest way to find Q[nd,↑, nd,↓] is as follows. Solve first for some of
the coefficients ai using the occupations for the occupation numbers nd,σ. Those coefficients are then eliminated by
inserting them back into the equation for E(φ). The resulting expression is then minimized in terms of the remaining
coefficients. One must be careful though to choose coefficients which are strictly non-zero in a given domain of N . In
the present case, it is best to solve for aσ since these are finite for all N = nd,↑ + nd,↓ different from 0, 2:

(1−N) (|a↑|2 + |a↓|2) = N |a0|2 + (2−N) |a2|2 (27)

The resulting equation for

E(φ) =
∑

σ

ǫd nd,σ + U (N − 1)
|a2|2

|a2|2 − |a0|2
(28)

is minimized as

0 < N < 1 → |a2|2 = 0 → Q = 0
1 < N < 2 → |a0|2 = 0 → Q = U (N − 1)

(29)
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FIG. 1: Three-dimensional plot of the exact energy functional Q of the single-site Anderson-Hubbard model as a function of
(nd,↑, nd,↓), for U = 10 (in arbitrary units).

The above expressions for the exact functional Q can be summarized as

Q[nd,↑, nd,↓] = U (N − 1) θ(N − 1) (30)

where θ(x) is the Heaviside step function. We see that the functional is universal in the sense that does not depend
on external parameters such us the on-site potential ǫd. In this way, the functional is valid for every system with a
given Coulomb interaction U irrespective of the external potential in which it is located.

This expression gives the correct ground state energy for a system with a target number N0
↑ , N

0
↓ of electrons

E0 = ǫdN
0 + U (N0 − 1) θ(N0 − 1). (31)

Note that this ground state energy is spin-degenerate. Taking a functional derivative, we find the exact Hartree-
exchange-correlation potential Vxc,d,σ = U θ(N − 1). The resulting KS hamiltonian

Ĥs =
∑

σ

(ǫd + U θ(N − 1)) n̂d,σ − U θ(N − 1) (32)

provides the correct E0 thanks to the double counting term U θ(N0 − 1). Notice that the KS eigenvalues jumps by
U exactly at N = 1, and is therefore ill-defined at that integer N -value[4, 34, 35, 44]. The density functional Q has
the correct trapezoidal shape[7, 44] as a function of Nσ, from which the right expression for the chemical potential of
the system can be obtained. Furthermore, Q shows flat-plane behavior when plotted as a function of the occupation
numbers, as displayed in Fig. 1. We note that Yang and coworkers established some exact conditions on the shape of
the exact energy functional, from which they deduced such a flat-plane behavior[8]. These conditions enabled them
to draw an educated plot of the energy functional of the hydrogen atom, which is very similar to our Fig. 1.

We write down now the Mean-Field hamiltonian of this model

ĤMF =
∑

σ

(ǫd + U nd,−σ) n̂d,σ − U nd,↑ nd,↓ (33)

where we have subtracted the conventional Mean-Field double-counting term. The Mean-Field hamiltonian gives the
following estimate for the energy of the system

EMF = ǫdN + U nd,↑ nd,↓ = ǫdN + U (N2 −M2)

M = nd,↑ − nd,↓ (34)

where the spin-degeneracy of the exact solution is lost. Note that in the Hubbard and Anderson models every electron
interacts only with electrons of opposite spin. As a consequence, the Mean-Field theory does not suffer from direct or
exchange self-interaction effects. However, because of the Mean-Field replacement of electron probabilities by charge
clouds, an electron of spin σ interacts with a fraction nd,−σ of electrons of opposite spin, instead of with a full electron
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FIG. 2: Quasi-particle spectrum of the single-site Anderson-Hubbard model for M = 0. The shaded gray area shows the
position of the MB poles, where the area is proportional to the weight of the peak. The black solid line represents the location
of the exact Kohn-Sham eigenstate. The poles of the paramagnetic Mean-Field solution are shown with a dashed red line.
Energy units are arbitrary.

of opposite spin with probability nd,−σ. As a consequence, in the paramagnetic solution M = 0, every electron
interacts artificially with a fraction N/2 of electrons of opposite spin. However, the Mean-Field ground state energy is
minimized by the fully spin polarized solutions M = N , in which case the spurious interaction between opposite-spin
charge clouds is avoided by a wrong mechanism and, as a consequence, EMF = E0. In contrast, the interacting piece
of the exact KS hamiltonian U θ(N − 1) is only activated if a full electron exists already in the system, and therefore
retains the full quantum behavior.
The exact MB and Mean-Field QP spectrum are obtained from the poles and weights of the retarded Green’s

function

Gd,σ(ω) =
1− nd,−σ

ω − ǫd + iδ
+

nd,−σ

ω − (ǫd + U) + iδ

GMF
d,σ (ω) =

1

ω − (ǫd + U nd,−σ) + iδ
(35)

The above equations can easily be obtained using the EOM method and allow to extrapolate the QP spectrum to
non-integer values of nd,σ which, coupled to the spin degeneracy of the total energy enable the exploration of different
spin states.
We analyze first the paramagnetic state where M = 0 and nd,σ = N/2. The exact KS Green’s function is found by

combining the EOM method with the Lehmannn representation for N = 0, 1, 2. The following formula summarizes
the results

Gs,d,σ(ω) =
θ(1−N)

ω − ǫd + iδ
+

θ(N − 1)

ω − (ǫd + U) + iδ
(36)

and extrapolates them to non-integer-N -values. The MB, exact DFT and mean field Green’s function are shown in
Fig. 2 as a function of N . The MB Green’s function has two poles, which can be viewed as the ancestors of the
lower and upper Hubbard bands of the Hubbard and Anderson models[28]. The position of these two poles depends
neither on the occupation nor on the spin of the system. They are separated exactly by an energy U and their weight
shifts smoothly from one peak to the other as N increases. Because exact DFT is a single-particle theory, its Green’s
function yields a single peak per KS eigenvalues, whose weight equals one. A remarkable exception happens at N = 1,
where the KS eigenvalues show an abrupt change from ǫd to ǫd+U . Notice that both eigenvalues contribute at N = 1
with equal weight. The N → 1− (N → 1+) KS eigenvalues exactly agrees with the MB lower (upper) Hubbard
band precursor. This non-trivial result allows to draw an important conclusion: even if KS eigenvalues show a jump
at integer electron number values, the eigenvalues at both sides of the given N contribute to the QP spectrum. To
summarize, the positions and weights of the exact KS and MB peaks coincide for integer numbers N , showing how
exact DFT keeps the quantum nature of the electrons in spite of being a one-body theory. The abrupt shift at N = 1
can be viewed as the way that exact DFT uses to retain that quantum nature: if there is less than one electron at the
site, then there is no Coulomb interaction because the electrons does not interact with itself. If there is more than
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FIG. 3: Quasi-particle spectrum of the single-site Anderson-Hubbard model for a maximally spin-↑ polarized case. (a) and (b)
show the poles of the spin-↑ and spin-↓ Green’s functions, respectively. The shaded gray area represents the MB QP, where
the width is proportional to the peak weight. The black thick dot represents the location of the exact Kohn-Sham eigenstates.
The poles of the spin-polarized Mean-Field solution are shown with a dashed red line. Energy units are arbitrary.

one electron, then the Coulomb interaction between point particles of opposite spin is activated, rising the energy by
U . Notice that MB and exact DFT agree on the value of HOMO level, which is also equal to the chemical potential
µ, defined as the derivative of the total energy with respect to the particle number [35, 36].

We must remember however that in this quantum system only states with integer electron numbers Nσ = 0, 1 are
meaningful. Therefore for N = 1, the system must contain a full electron with either spin-↑ or -↓. We therefore turn
now to analyze a maximally spin-↑ polarized. The spin-↑ and -↓ Green’s functions are different now, as is apparent
from the Lehmannn representation at N = 1, where we take |1, 0 > as the ground state,

Gd,↑ =
| < 0, 0| ĉd,↑ |1, 0 > |2
ω + E1 − E0 + i δ

Gd,↓ =
| < 1, 1| ĉ†d,↓ |1, 0 > |2

ω + E1 − E2 + i δ
(37)

where EN denote the total ground state energy for N = 0, 1, 2. We determine now the MB and mean field QP spectra
for fractional occupation numbers using Eqs. (37). To determine GKS correctly for integer N we use the Lehmann
representation. The following formula extrapolates Gs to non-integer N -values

Gs,d,↑(ω) =
θ(1−N + δ)

ω − ǫd + iδ

Gs,d,↓(ω) =
θ(N − 1 + δ)

ω − (ǫd + U) + iδ
(38)

The different spectra are shown in Fig. 3.As before, the exact KS eigenvalues agree with the MB QP for integer N .
The Mean-Field states have a closer resemblance to the MB QP, although clear differences still exist, whose origin
is traced back to the static correlation error. As a closing remark, we note that the GW approximation cures these
Mean-Field artifacts for the present case as shown by Romaniello and coworkers [25].
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4. DOUBLE-SITE ANDERSON MODEL

The model in the previous section has allowed to show how the exact density functional retains the quantum nature
of electrons in a single atom and therefore avoids the static correlation error brought about by mean field theory. We
wish to address in this section how the exact functional avoids also the delocalization error in a strongly-correlated
model containing two sites. We show that the exact KS hamiltonian provides a correct description of the atomic limit
of the correlated model. Notice that the MB QP spectrum of the full Anderson model is much more complex than
that of the single-site model discussed above and, in addition to the lower and upper Hubbard bands it develops a
Kondo resonance in the Kondo regime. We therefore wish to explore now whether exact DFT could describe this
more convoluted QP spectra. Finally, notice that the obtained energy functional Q is spin-degenerate, in contrast to
the full Anderson and Hubbard models, where this degeneracy is absent. It is therefore interesting to check whether
exact DFT lifts the spin-degeneracy for more realistic models.
We describe here the exact DFT solution of the double-site Anderson, which corresponds to taking M = 1 in Eqs.

(16)-(19). The number basis {|nc,σ >, |nd,σ >} of the Fock space is spanned by sixteen states, which renders the
minimization task of finding Q[nc,σ, nd,σ] asymptotically harder. We have found that minimizing Q[nc,σ, nd,σ] the
electron number plane (N↑, N↓) is split into eight pieces as shown in Fig. 4, such that in each piece only a subset of
the wave-function coefficients is different from zero. As a consequence, the minimization task has to be performed
separately for each of those pieces. The functional has a polygonal shape and as before, it is universal as do not depend
on external potentials. After lengthy algebra, we have devised the expressions in the symmetric case ǫd + U/2 = ǫc
for each of the eight a-zones (see Fig. 4) and that is given by,

Q1 = −2 t
[√

nc,↑ nd,↑ +
√
nc,↓ nd,↓

]

(39)

(40)

Q2 = −2 t

[

√

(1− nc) (1− nd) + 2x

(

√

nc,↑ − x2 +
√

nd,↑ − x2
)]

+ U x2, x =
1

2

√

N↑

(

1− U√
U2 + 16 t2

)

(41)

(42)

Q3 = −t
[

√

(1 +mc − nd) (1 +md − nc) +
√

(1−mc − nd) (1−md − nc)
]

+
N − 1

4

(

U −
√

U2 + 64 t2
)

(43)

(44)

Q4 = −2 t

[

√

(1− nc) (1− nd) + 2x

(

√

nc,↓ − x2 +
√

nd,↓ − x2
)]

+ U x2, x =
1

2

√

N↓

(

1− U√
U2 + 16 t2

)

(45)

(46)

Q5 = −2 t

[

√

(nc − 1) (nd − 1) + 2x

(

√

1− nc,↓ − x2 +
√

1− nd,↓ − x2
)]

+ U (nd − 1 + x2), (47)

x =
1

2

√

(2−N↓)

(

1− U√
U2 + 16 t2

)

(48)

(49)

Q6 = −t
[

√

(nd −mc − 1) (nc −md − 1) +
√

(nd +mc − 1) (nc +md − 1)
]

+
3−N

4

(

U −
√

U2 + 64 t2
)

+ U (nd − 1)(50)

(51)

Q7 = −2 t

[

√

(nc − 1) (nd − 1) + 2x

(

√

1− nc,↑ − x2 +
√

1− nd,↑ − x2
)]

+ U (nd − 1 + x2) (52)

x =
1

2

√

(2−N↑)

(

1− U√
U2 + 16 t2

)

(53)

(54)

Q8 = −2 t

[

√

(1− nc,↑) (1− nd,↑) +
√

(1− nc,↓) (1− nd,↓)

]

+ U (nd − 1) (55)

We also use the site-occupations and momenta as ni, mi = ni,↑ ± ni,↓ with i = c, d. The full expressions for Qa are
shown in appendix C. A simplified expression, valid along the line N↑ + N↓ = 2 are also provided in the appendix.
Finally, the ground state energy E0 for given electron numbers N0

σ is found by minimizing Q with the constraints
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FIG. 4: The eight pieces in the (N↑, N↓)-plane which must be used to perform the constrained minimization procedure leading
to the exact Q-functional of the double-site Anderson and Hubbard models. The thick dots indicate the positions where G and
GKS are evaluated.

N0
σ = nc,σ + nd,σ. To simplify the notation, energies will be measured in units of t, and the energy origin will be

chosen at ǫc from now on.
We find that Q is spin-degenerate only in regions 1 and 8 of Fig. 4, where N is smaller than 1, or bigger than

3. However, we find that the spin-degeneracy is lifted if 1 < N < 3, because here the interplay between kinetic
energy and Coulomb interactions is more convoluted. The minima of Q and E0 occur now along the paramagnetic
line M = N↑ −N↓ = 0 regardless of the value of the on-site energy ǫd, and of U . This is shown in Fig. 5(a), where
the ground state energy is plotted in the (N↑, N↓)-plane for the symmetric case and U = 4. Here the characteristic
polygonal shape as well as the presence/absence of spin degeneracies in the different regions are apparent. The
position of the absolute minimum of E0 along the paramagnetic line in contrast does depend on ǫd and on U . For
the symmetric case, ǫd + U/2 = 0, the minimum is placed at N = 2. Fig. 5(b) shows E0 as a function of N along
the paramagnetic line for the symmetric case and for several values of U which cover the weak-, intermediate- and
strong-coupling regimes of the model. The chemical potential and the energy value of the HOMO are given by the
slope of these curves. They exhibit the expected discontinuous behavior at integer values of N [8, 35, 44]. Finally,
it can be checked that this Q functional renders the correct atomic limit by taking explicitly t → 0 in Eq. (39).
As a consequence the exact Q functional is free from the delocalization error of Mean-Field theory. The analytic
expressions for Q enable to find the exact Hartree-exchange-correlation potentials for the two-site model (V xc

c,σ, V
xc
d,σ).

Notice that these potentials are fully non-local, because the potential at a given site (i, σ) depends on all the densities
nj,σ′ . In contrast, it is very difficult to determine accurately the non-local terms by a numerical solution of this model,
or by extending the Bethe ansatz LDA approach. We define the exact KS hamiltonian for this double-site Anderson
model as

Ĥs =
∑

i=(c,d),σ

(ǫi + V xc
i,σ) n̂i,σ − t

∑

σ

(ĉ†σ d̂σ + d̂†σ ĉσ )−Hdc (56)

This hamiltonian only has two KS eigenvalues per spin for all values of the physical parameters, which are discon-
tinuous at integer Nσ-values. In other words, the numerical values of the KS eigenvalues are constant within each of
the eight regions in Fig. 4, but differ from region to region. We compare now the KS QP with the exact MB QP
spectrum extracted from the poles of the MB Green’s function at the impurity’s position. Notice again that only
integer electron numbers N = 0, 1, 2, 3, 4 have a physical meaning. For N = 1, the system contains a single electron
which must have either spin-↑ or -↓. If a ground state wave-function with spin-↑ |Ψ1,↑ > is chosen, then the spin-↑
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FIG. 5: (a) Three-dimensional plot of the ground state energy as a function of (N↑, N↓) for the symmetric case with U = 4.
(b) ground state energy along the paramagnetic line in the symmetric case for several U -values. Energies are given in units of
t0.

and -↓ Green’s functions are different,

Gd,↑ =
| < Ψ2,↑,↑| c†d,↑ |Ψ1,↑ > |2

ω + E1,↑ − E2,↑,↑ + i δ
+

| < Ψ0| cd,↑ |Ψ1
1,↑ > |2

ω + E1
1,↑ − E0 + i δ

Gd,↓ =
∑

n

| < Ψn
2 | c†d,↓ |Ψ1,↑ > |2

ω + E1
1,↑ − En

2 + i δ
(57)

where the summation runs over all spin-0 states with N = 2, and Ψ2,↑,↑ indicate the spin-1 N = 2 state. Similar words
can be said for N = 3. Romaniello and coworkers[25] have compared the spectrum of MB QPs of this model with
the poles of Green functions evaluated either in the GW approximation, or including vertex corrections. They have
shown that the Mean-Field static correlation error is amended. However, even inclusion of vertex corrections does
not allow to recover the QP spectrum in the atomic limit, showing how hard is to fully get rid of the delocalization
error. This will be further discussed in the section 5B.
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FIG. 6: Quasi-particle spectrum of the symmetric double-site Anderson model as a function of the electron number N , computed
at the thick dots shown in Fig. 4. Green’s functions poles for U = 1 ((a1) and (a2)) and U = 10 ((b1) and (b2)). The upper and
lower panels show Gd,↑ and Gd,↓, respectively. The energies of the MB QP are shown as black dots whose width is proportional
to the QP weight. the Kohn-Sham eigenstates are displayed as red dashes. The position of the one-particle HOMO level is
marked by a thicker dash. Energies are given in units of t.

The KS Green’s function can be computed using the EOM method giving rise to the following expression,

Gs,d,σ =
ω − ǫc − Vxc,c,σ

(ω − ǫc − Vxc,c,σ) (ω − ǫd − Vxc,d,σ)− |t|2 (58)

This formula must be guided by the results obtained from the Lehmann representation at integer N . We compare
now the poles of the MB and exact KS Green’s functions by evaluating Vxc at the points in the (N↑, N↓) path shown
in Fig. 4. This correspond to a paramagnetic solution for N = 2 and a spin-↑ state for N = 1, 3. Fig. 6 shows the
poles of G and GKS as a function of the electron number N for a symmetric case, and for values of U in the weak-
and strong-coupling regimes. The figure also shows which of the KS eigenvalues corresponds to the HOMO level.
Notice that the exact MB and KS spectra closely match for values of U not only in the weakly-correlated, but also in
the strongly-correlated regimes. However, extra MB peaks appear at N = 1, 2, 3, which are not provided by the exact
KS hamiltonian. In contrast, the number of MB and KS QP is the same for N = 0, 4 because an electron added to
an empty system or a hole added to a fully occupied system can not Coulomb-interact with anything. Occupation
N = 2 corresponds to the strongly-correlated Kondo regime if U is large, which is the case shown in Fig. 6(b). Here
the MB QP spectrum has four poles. These can be classified into two sets of peaks placed symmetrically about the
zero-energy line. The first set is located around ±U/2. The two peaks are separated by an energy of order U and
correspond to the upper and lower Hubbard bands. The second set develops into the Kondo resonance for more
realistic models where M is made large. The KS spectrum has only two QP, which agree with the two Kondo-like
MB QPs. In other words, the KS spectrum shows no trace now of the lower and upper Hubbard band precursors. For
N = 1, the spin-↑ KS spectrum matches the MB spectrum because the MB phase-space for adding a spin-↑ electron
or hole is very limited. However, the MB phase-space for the addition of a spin-↓ electron is larger, which renders
additional MB spin-↓ quasi-electron peaks. Similar words can be said for N = 3, where additional spin-↑ quasi-hole
peaks are apparent. Notice in any case that the MB and KS HOMO levels always agree with each other.
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5. SYMMETRIC DOUBLE SITE HUBBARD MODEL AND THE ORIGIN OF DELOCALIZATION

ERROR IN EXACT DFT

We focuss now on the symmetric double-site Hubbard model, which can be solved following the same procedure as
for the Anderson model. The analysis of this model will allow us to examine the delocalization error in exact DFT.
The hamiltonian of this system is given in appendix B.

A. Exact functional of the Hubbard model

We give here the results we have obtained for the double site Hubbard model. Due to the intrinsic symmetry of
the model the results obtained will be general irrespective of the relation between the external potential ǫ0 and the
Coulomb interaction U . Thus, to simplify notation, we will consider ǫ0 = 0. Following the same procedure as for the
double site Anderson model, we have derived the functional given in B, which has the same general characteristics as
the other functionals obtained in this work, i.e. polygonal shape and universality. We see that in the (N↑, N↓) space
there exist also eight different zones as in Fig 4 in which the energy functional is defined.
Applying the constraints Nσ = n1σ + n2σ we have found the ground state energy as a function of (N↑, N↓) and

we have seen that it corresponds to the condition n1σ = n2σ = Nσ

2 as otherwise expected as we are working with
a symmetric model. There is thus an equipartition of the occupation numbers of each spin between the two sites.
The individual character of the electrons is lost due to the symmetry of the hamiltonian and the density is equally
distributed between the sites as will be discussed in the next section. The ground state energy functional in each zone
is given by,

Q1 = −tN (59)

(60)

Q2 = t (N − 2) +
N↑

2

(

U −
√

U2 + 16 t2
)

(61)

(62)

Q3 = t (N − 2) +
N − 1

2

(

U −
√

U2 + 16 t2
)

(63)

(64)

Q4 = t (N − 2) +
N↓

2

(

U −
√

U2 + 16 t2
)

(65)

(66)

Q5 = (N − 2) (U − t) +
2−N↓

2

(

U −
√

U2 + 16 t2
)

(67)

(68)

Q6 = (N − 2) (U − t)− U

2
(N − 1) +

N − 3

2

√

U2 + 16 t2 + 2U (69)

(70)

Q7 = (N − 2) (U − t) +
2−N↑

2

(

U −
√

U2 + 16 t2
)

(71)

(72)

Q8 = N (U + t)− 2 (U + 2 t) (73)

These ground state energies correspond to the xc potentials given in table I.
It is interesting to check the relation between KS eigenstates and QP spectrum for this case. We will proceed

in a similar way as before by first calculating the QP poles using the Green’s function method, but this time we
will split inot two parts the functions, Gσ

A and Gσ
R for later use in the discussion of delocalization error. Also, due

to the electron-hole symmetry, we will consider this time only the electron numbers N = 1, 2. Using the Lehman
representation the Green’s function may be written in a similar way as in Eqs. (37) or (57),

Gσ
A(ω) =

∑

α

| < ψN+1
α | ĉ†i,σ |ψN

0,σ′ > |2

ω + EN
σ′ − EN+1

α + i δ

Gσ
R(ω) =

∑

α

| < ψN−1
α | ĉi,σ |ψN

0,σ′ > |2

ω − EN
σ′ + EN−1

α + i δ
(74)
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Zone V i↑
c V i↓

c

1 0 0

2 2 t+
U−

√
U2+16 t2

2
0

3 2 t+
U−

√
U2+16 t2

2
2 t+

U−
√

U2+16 t2

2

4 0 2 t+
U−

√
U2+16 t2

2

5 U −2 t+
U+

√
U2+16 t2

2

6 −2 t+
U+

√
U2+16 t2

2
−2 t+

U+

√
U2+16 t2

2

7 −2 t+
U+

√
U2+16 t2

2
U

8 U U

TABLE I: xc potentials of the double site symmetric Hubbard model obtained for the ground state energy calculation in the
(N↑, N↓) space.

N G↑
A G↓

A G↑
R G↓

R

1 t

t
t+ U
t+ U+

t0 + U−

−t 0

2
t+ U+

−t+ U+

t+ U+

−t+ U+

−t+ U−

t+ U−

−t+ U−

t+ U−

1 t
t+ U−

3 t+ U− −t 0

2
−t+ U+

−3 t+ U+

−t+ U+

−3 t+ U+

t+ U−

3 t+ U−

t+ U−

3 t+ U−

TABLE II: Addition and removal energy spectrum of QP and KS eigenstates of the double-site Hubbard model (upper and

lower panels respectively). The shorthand U± stands for U
2
±

√

(

U
2

)2
+ 4 t2.

whereα-summation extends to all allowed states of the N ± 1 systems and the spin index σ′ is added to account for
the spin-↑ polarization of the ground state for N = 1.

The QP and exact KS energies of the double-site Hubbard model are given in the table II. We have considered for
the case N = 1 that there is only one spin-↑ electron initially. Both spectra agree in the weak-coupling limit U/t→ 0
because the weight of the poles that do not have correspondence goes to zero in this limit. However, for finite coupling

there are some discrepancies. For N = 1 only G↓
A shows differences but in the case of N = 2 things become worse

and one half of the poles agree. Indeed in general the HOMO-LUMO gap for a given N does not coincide withe the
electronic gap defined as the difference between chemical potentials computed at each side of N . If we now check the
dissociation limit, i.e. U/t → ∞ (see Fig. 7) we have that the energy and degeneracy of all KS poles agree with the

QP poles except for G↓
A at N = 1, where there is a QP pole with energy ǫ0 + U = U that is not present in the KS

spectrum. The origin of this difference will be discussed in the next section, but we can advance that it is related
with the delocalization error.

B. A look on the origin of delocalization error in exact DFT for strong correlated systems.

In this section we are going to make use of the exact functional for the double-site Hubbard model to analyze the
origin of the delocalization error in DFT. As indicated in the previous sections, there is a recent work on the double-
site Hubbard model [25] that shows that the static correlation error can be corrected by including higher order terms
of perturbation theory over the Mean-Field solutions. But even in this case, delocalization errors can not be fully
suppressed. We intend to give here an explanation of this issue by understanding the way in which DFT considers
the nature of an electron and assessing how this interpretation is incompatible with a solution free of delocalization
errors.
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FIG. 7: QP (circles) and KS eigenstates (squares) of the double-site Hubbard model for U/t = 100 as a function of the electron
number N . The panels show the poles of Gσ

A and Gσ
R to display separately electron addition and removal energies. The size

of the symbols indicate the Green’s function weight, and the numbers, the degeneracy. The dashed blue lines indicate the
spin-dependent chemical potentials. Energies are measured in units of U/t.

1. Delocalization error in the exact DFT picture for the Hubbard model.

As we have seen in the analysis of the double site Hubbard model, there exist several differences in the QP spectrum
and the KS eigenvalues. The origin of these differences can be explained if we have a better picture of how DFT
interprets the nature of the electrons. Basically, we will see that exact KS approach see electrons as charge clouds with
definite spin delocalized through the whole system. For this let us concentrate on the case N=1 in the dissociation
limit t → 0 where we have two poles that are not reproduced by exact DFT when a spin-↓ electron is added to the
system when there was initially a spin-↑ electron.

All the processes related with quasiparticles in the sector N=1 can be represented in a pictorial way as in Fig. 8
(a). Here we show electrons as full balls with point particle nature that are added or removed to/from the initial
system. Thus if we initially have a spin-↑, its removal will cost an energy ǫ0 = 0. The electron is a point particle that
is fully localized in a given site and so KS electron removal could also be described by Fig. 8(a1). But what we have
found is that the electron addition/removal is not consistent with this picture. The best description of a KS electron
is that mentioned above of a delocalized charge cloud and thus each site contributes with half an electron as seen in
Fig. 8(b1).

We will analyze the states in the α summation in G↓
A when a ↓-spin is added in order to have a clear view of the

origin of the MB and KS differences. If we look for example at the ground state
∣

∣ψN=2
0

〉

, the MB ground state in the
dissociation limit is the singlet [46],

∣

∣ψN=2
0

〉

=
1√
2

(∣

∣ψN=2
1↑,2↓

〉

−
∣

∣ψN=2
1↓,2↑

〉)

(75)

where oppossite spin electrons are located in each site. This is similar problem to that expose in section 1A. The KS
ground state in the dissociation limit is given by the antisymmetrized product,

∣

∣ψKS
0

〉

=
(∣

∣ψKS
1↑

〉

+
∣

∣ψKS
2↑

〉)

⊗
(∣

∣ψKS
1↓

〉

+
∣

∣ψKS
2↓

〉)

(76)

which is a mixture of a singlet and a triplet but does not contain the MB ground state
∣

∣ψN=2
0

〉

. A better representation
of the KS state is that of charge clouds of definite spin spread equally between the two sites. The addition of a second
spin-↑ to the MB system is shown in the Fig. 8(a2); the electron can only go to the empty site due to the Pauli
exclusion principle with an energy cost of ǫ0 = 0. In the KS system, with the initial spin-↑ equally spreaded, the
second electron will just fill the half empty states with identical energy cost to that of the MB system (Fig. 8(b2)).
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FIG. 8: (a) QP and (b) KS processes and associated energies of the Anderson-Hubbard model for N = 1 in the dissociation
limit. (a1) Removal of an spin-↑ electron; (a2) Addition of a second spin-↑ electron; (a3) and (a4) addition of a spin-↓ electron;
(b1) Removal of an spin-↑ electron; (b2) Addition of a second spin-↑ electron; (b3) Addition of a spin-↓ electron. When a new
electron is added on the right, the excitation energy is ǫ0 = 0 because if N < 2 and the densities Nσ are equally distributed
between the two sites then niσ < 1.

The situation is much more singular when a spin-↓ is added to the initial configuration. In the MB case, this second
electron may go to any of the two sites but with different energy cost as shown in the Fig. 8(a3). However, the
KS picture gives only one possibility for the new spin-↓ that is to spread across the two sites with energy cost ǫ0 as
indicated in Fig. 8(b3). Each site will have occupation 1. This interpretation is consistent with the presence of only

one KS pole in G↓
A.

We have to note that in this last case there is no participation of the U term in the KS picture in spite of the final
configuration with spin-↑ and spin-↓ densities found in the same site. This is because we are filling the sites from
below so that niσ ¡ 1 and thus we are always located in the region 3 of Fig 4. From table (59) we see that in this
region and in the dissociation limit t→ 0, there is no U term involved in the energy cost evaluation.

We have seen so far that even using the exact DFT functional of the Hubbard model we do not obtain the full
quasi-particle spectrum and the reason of this may be very related with the electron localization. DFT assumes the
electrons added or removed interact with the temporal averages of the other electron charge probability distributions,
that is, with the charge clouds resulting from the probability disribution of the remaining electrons, and not with a
point particle well localized electron.

2. Delocalization error in the exact DFT picture for the symmetric Anderson model.

The situation in the symmetric Anderson model is a bit less strong. If we concentrate in the N = 1 case, we have
that in this model the electron will be fully localized in the d-site because this is the configuration that minimizes
the energy, opposite to the Hubbard model for which the electron spreads equally across both sites. This localization
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FIG. 9: (a) QP and (b) KS processes and associated energies of the symmetric Anderson model for N = 2 in the dissociation
limit. (a1) Removal of an spin-↑ electron; (a2) Addition of a second spin-↑ electron; (b1) Removal of an spin-↑ electron; (b2)
Addition of a second spin-↑ electron.

inhibits processes such that of Fig. 8(b) so that QP and KS poles will be similar in this case. However, things become
worse for N = 2.
As before, the MB ground state is given by (75). In the Fig. 9 (a) is shown only the first term of the wavefunction

for simplicity. We see that the removal of one spin-↑ electron from site d results in an energy cost ǫd = ǫc − U/2 as
shown in Fig. 9 (a1). On the other hand, the initial configuration of the KS system gives two electrons of opposite spin
spread across the four possible states (i, σ). When an spin-↑ is removed from the system, the final state reconfigures
so that at the end we will have a spin-↓ fully localized at site d and thus the total energy cost is just ǫc; this process
is shown in Fig. 9 (b1).
The addition of an electron to the MB system is sketched in Fig. 9 (a2); if e.g. a spin-↓ electron is added, this

will always go to the site where it is located the spin-↑ due to the Pauli exclusion principle and the energy cost is
ǫd + U = ǫc + U/2 . The KS system will have at the end both spin-↓ sites filled while the spin-↑ will be reconfigured
so as to be fully localized at site c. The energy cost of this process will be ǫc again, as indicated in Fig. 9 (b2). There
is no U contribution in the KS system because we are always working with nd < 1 and thus, from (39) and in the
dissociation limit we have that there is no U dependence in the ground state energy. The situation is similar if an
spin-↑ would be added.
What we have described along this section is no more than the delocalization error in DFT: the spread of electrons

in diatomic molecules across the atoms as if they were charge clouds. This error is commonly linked with deficiencies
of the functional approximations which are supposed to render energy barriers between the two sites too low [46].
But we show here that even using exact functionals as for the double-site Hubbard model, delocalization errors are
still present tied to the Mean-Field description of electrons provided even by an exact DFT. This interpretation is
consistent with the results obtained in [25] where it is shown that even complete vertex corrections do not get rid of
the delocalization error completely.

6. CONCLUSIONS

In this chapter we have developed a new procedure based on the constrained search method to find out analytic
expressions of the exact density functionals of simple lattice models. Using this method we have derived expressions
for the density functionals of the Anderson-Hubbard single and double site models in which strongly correlated
interactions are involved. Those analytic expressions have allowed us to write down the fully non-local Vxc and KS
Hamiltonians. We have also obtained the KS eigenenergies and compared them with the true MB QP obtained from
the poles of the Green’s functions.
We have found that when using the exact density functional, the KS quasi-particle spectrum is complete compared
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to the MB result when the correlation parameter is set to zero. However, as soon as the correlations are included,
the spectrum obtained becomes incomplete and is only partially described. The MB QP spectrum is much richer
because the phase-space for addition of quasi-electrons or quasi-holes is larger. With the exact functional is obtained
the correct position of the HOMO level but the other KS eigenvalues may or may not agree with the exact MB QP.
Remarkably, we have found that the KS spectrum most possibly describes the Kondo peak in the Kondo regime.
However, it is quite plausible that it will not contain either the lower and upper Hubbard bands, or both. Exact DFT
has similarities with the Renormalized Perturbation Theory proposed some time ago by Hewson [45].
Ee have proposed that exact DF theory mimics electron-electron interactions in terms of a Mean-Field picture,

where classical charge clouds interact with each other. We have shown that this picture explains the contrasting
differences between the QP spectrum of the double-site Hubbard model and the KS eigenstates of the associated KS
singleparticle system. A detailed analysis of the excitation spectrum of this model for electron addition and removal
has allowed us to show that even the exact DF of the model shows a sort of delocalization error, which stems from
the Mean-Field description of KS electrons as charge clouds which is needed to mimic the true MB point-particle
interactions of the Hubbard model.

APPENDIX A: CONSTRAINED SEARCH

There exist some formal issues related with the Hohenberg-Kohn theorem. First, the energy functional E[n] is only
defined for the functions n(r) that are the actual ground state densities for a given external potential, and that are
called v-representable. This is a problem not solved up today. However, a great part of the problems related with
the functional E[n] have been solved by the constrained search formalism [38, 39]. According to the Rayleigh-Ritz

variational principle, the ground state energy corresponding to a hamiltonian like Ĥ = T̂ + V̂ + V̂ee for a given number
of particles N is given by,

E0 = min
Ψ

〈Ψ| T̂ + V̂ + V̂ee |Ψ〉 (A1)

That is, the ground state energy is found by searching the wavefunction that gives the lowest value of 〈Ψ| Ĥ |Ψ〉 among
all the existing ones. This can be achieved in two steps by first searching for all the wavefunctions that produce a
given density n(r) and second search for the density that leads to the lowest energy. This can be expressed as,

E0 = min
n

{

min
Ψ→n

〈Ψ| T̂ + V̂ + V̂ee |Ψ〉
}

(A2)

Comparing with (4) we have that

E[n] = min
Ψ→n

〈Ψ| T̂ + V̂ + V̂ee |Ψ〉 (A3)

which let us define the universal functional as,

F [n] = min
Ψ→n

〈Ψ| T̂ + V̂ee |Ψ〉 (A4)

The constrained search provides a formal method to evaluate the universal functional. This method involves searching
over an infinite number of wavefunctions and is not practical in general but for the systems we are going to analyze
in this chapter will be of direct application as will be shown below.

APPENDIX B: DOUBLE-SITE HUBBARD MODEL

We use the following notation for the hamiltonian of the double-site Hubbard model

Ĥ =
∑

σ

ǫ0 (n̂1,σ + n̂2,σ)− t
∑

σ

( ĉ†1,σ ĉ2,σ + ĉ†2,σ ĉ1,σ ) + U
∑

i=1,2

n̂i,↑ n̂i,↓
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The expressions for exact density functional are quite similar to those of the double-site Anderson model,

Q1 = −
[√

n1,↑ n2,↑ +
√
n1,↓ n2,↓

]

Q2 = −
[

√

(1− n1 + x2 − y2) (1− n2 − x2 + y2) + (x+ y) (
√

n1,↑ − x2 +
√

n2,↑ − y2)

]

+ U (x2 + y2)

Q3 = −
[

√

(n1,↑ − x2 − z2) (1− n1 − n2,↓ + x2 + z2) +
√

(n2,↓ − y2 − z2) (1− n1,↑ − n2 + y2 + z2)

+ (x+ y)
(

z +
√

n1 + n2 − 1− x2 − y2 − z2
)]

+ U (x2 + y2)

Q4 = −
[

√

(1− n1 + x2 − y2) (1− n2 − x2 + y2) + (x+ y) (
√

n1,↓ − x2 +
√

n2,↓ − y2)

]

+ U (x2 + y2)

Q5 = −
[

√

(1− n1 + x2 − y2) (1− n2 − x2 + y2) + (x+ y) (
√

1− n1,↓ − y2 +
√

1− n2,↓ − x2)

]

+U (n1 + n2 − 2 + x2 + y2)

Q6 = −
[

√

(n1,↓ − 1 + y2 + z2) (2− n1 − n2,↑ − y2 − z2) +
√

(n2,↑ − 1 + x2 + z2) (2− n1,↓ − n2 − x2 − z2)

+ (x+ y)
(

z +
√

3− n1 − n2 − x2 − y2 − z2
)]

+ U (n1 + n2 − 2 + x2 + y2)

Q7 = −
[

√

(1− n1 + x2 − y2) (1− n2 − x2 + y2) + (x+ y) (
√

1− n1,↑ − y2 +
√

1− n2,↑ − x2)

]

+U (n1 + n2 − 2 + x2 + y2)

Q8 = −
[

√

(1− n1,↑) (1− n2,↑) +
√

(1− n1,↓) (1− n2,↓)

]

+ U (n1 + n2 − 2)

where the functionals Qa are defined in 2 t units. Along the line N↑ +N↓ = 2, the formulae for the F -functional can
be simplified as follows:

Q = −
(

√

n1,↓ − x2 +
√

1− n2,↑ − x2
)

(

x+
√

1− n1 + x2
)

+ U (1− n1 + 2x2)

= −
(

√

n1,↑ − x2 +
√

1− n2,↓ − x2
)

(

x+
√

1− n1 + x2
)

+ U (1− n1 + 2x2)

where the first equation is obeyed if N↑ > 1, N↓ < 1, and vice versa. Q is now obtained by minimizing the above
equation with respect to x.
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APPENDIX C: DOUBLE-SITE ANDERSON MODEL

The full expressions for Qa are as follows:

Q1 = −
[√

nc,↑ nd,↑ +
√
nc,↓ nd,↓

]

Q2 = −
[

√

(1− nc + x2 − y2) (1− nd − x2 + y2) + (x+ y) (
√

nc,↑ − x2 +
√

nd,↑ − y2)

]

+ U y2

Q3 = −
[

√

(nc,↑ − x2 − z2) (1− nc − nd,↓ + x2 + z2) +
√

(nd,↓ − y2 − z2) (1− nc,↑ − nd + y2 + z2)

+ (x+ y)
(

z +
√

N − 1− x2 − y2 − z2
)]

+ U y2

Q4 = −
[

√

(1− nc + x2 − y2) (1− nd − x2 + y2) + (x+ y) (
√

nc,↓ − x2 +
√

nd,↓ − y2)

]

+ U y2

Q5 = −
[

√

(1− nc + x2 − y2) (1− nd − x2 + y2) + (x+ y) (
√

1− nc,↓ − y2 +
√

1− nd,↓ − x2) + U (nd − 1 + x2)

Q6 = −
[

√

(nc,↓ − 1 + y2 + z2) (2− nc − nd,↑ − y2 − z2) +
√

(nd,↑ − 1 + x2 + z2) (2− nc,↓ − nd − x2 − z2)

+ (x+ y)
(

z +
√

3−N − x2 − y2 − z2
)]

+ U (nd − 1 + x2)

Q7 = −
[

√

(1− nc + x2 − y2) (1− nd − x2 + y2) + (x+ y) (
√

1− nc,↑ − y2 +
√

1− nd,↑ − x2)

]

+ U (nd − 1 + x2)

Q8 = −
[

√

(1− nc,↑) (1− nd,↑) +
√

(1− nc,↓) (1− nd,↓)

]

+ U (nd − 1)

Again, the energies are given in 2 t units. Along the line N↑ + N↓ = 2, the formulae for the Q-functional can be
simplified, and read as follows:

Q = −
(

√

nc,↓ − x2 +
√

1− nd,↑ − x2
)

(

x+
√

1− nc + x2
)

+ U (nd − 1 + x2)

= −
(

√

nc,↑ − x2 +
√

1− nd,↓ − x2
)

(

x+
√

1− nc + x2
)

+ U (nd − 1 + x2)

where the first equation is obeyed if N↑ > 1, N↓ < 1, and vice versa. Q is now obtained by minimizing the above
equation with respect to x.

APPENDIX D: M-SITE SPINLESS FERMION MODEL

We show in this appendix the exact DFT solution of the double-site spinless fermion model, which corresponds to
taking M = 1 and discarding the spin index in Eq. (16)-(19),

Ĥ = ǫc n̂c + ǫd n̂d − t (ĉ† d̂+ d̂† ĉ) + Un̂d n̂c (D1)

We use a variational wave function of the form

|φ >= a0 | 0, 0 > + ac | 1, 0 > + ad | 0, 1 > + acd | 1, 1 > (D2)
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to find explicit formulae for the expectation values of Ĥ and n̂c, n̂d as a function of the parameters ai,

< Ĥ > = ǫc nc + ǫd nd − 2 t cosϕ
|ac| |ad|
D

< n̂c > =
|ac|2 + |acd|2

D

< n̂d > =
|ad|2 + |acd|2

D
(D3)

D = |a0|2 + |ac|2 + |ad|2 + |acd|2

We solve for |ac|, |ad| in the above equations for nc,d and substitute the result back in the equation for < Ĥ >. This

yields the following expressions for < Ĥ > −ǫc < n̂c > −ǫd < n̂d >,

−2 t cosϕ

√
nd|a0|2+(nc−1)|acd|2

√
nc|a0|2+(nd−1)|acd|2

|a0|2−|acd|2

−2 t cosϕ

√
(1−nc)|acd|2−nd|a0|2

√
(1−nd)|acd|2−nc|a0|2

|acd|2−|a0|2
(D4)

where the first and second line apply if 0 < N < 1 or 1 < N < 2, respectively. The energy functional Q[nc, nd] is
found by minimizing the above expression with respect to a0, acd and ϕ. The minimum of the functional happens when
acd = 0 for 0 < N < 1, while for 1 < N < 2, it is a0 which vanishes. The resulting functional Q[nc, nd]− ǫc nc − ǫd nd

has the following piece-wise shape:

− 2 |t| √nc nd

− 2 |t|
√

(1− nc) (1− nd) + U (nc + nd − 1) (D5)

where again the first and second line apply if 0 < N < 1 or 1 < N < 2, respectively. Q can be easily split into
kinetic and interacting parts, where both must be defined piece-wise. The kinetic term explicitly shows electron-hole
symmetry. The interacting term is non-zero only if N > 1, from which a rather simple expression for the exact Vxc
can be extracted.
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CHAPTER 2: Adiabatic connection and Double excitations in the asymmetric

double-site Hubbard model

This chapter presents an analysis of the double-site asymmetric Hubbard model in the subspace
N = 2 electrons. In the first section, the properties of its ground and excited states will be discussed.
We then use the Mean-Field (MF) and the Bethe-ansatz LDA (BALDA) approximations to assess
the limits of applicability of these techniques as a function of the external potential-interactions
ratio. We then apply the concepts of density functional theory to this model, establishing its Kohn-
Sham description and the corresponding adiabatic connection. A parametrized functional will be
also devised using a method that allows improving the accuracy of any approximated functional
whenever the relation between the kinetic and the potential correlation terms is known. We will see
that approximation gives much better results than MF and BALDA.

1. INTRODUCTION

It is well known that in condensed matter the world of electronic structure can be divided into two different regimes,
one corresponding to weak and the other to strong correlations. The solution of problems involving weakly correlated
systems is usually simpler and accurate results can be obtained by using standard perturbation methods or density-
functional theory (DFT) techniques. Other Many-Body (MB) approximations such as GW can be also applied to find
the quasi-particle spectrum or the gap [1, 2].
These methods however fail for strong correlated systems [3]. In this case it is more common the use of lattice

hamiltonians with a small number of parameters. As a result, the hamiltonians are easier to handle even when strong
correlations are incorporated. Furthermore, the relative simplicity of the models and the approximate solutions
often yield insights into the physiscs, especially for extended systems. The main drawback of this option is that
the hamiltonians are not derived from first-principles and it is difficult to asses their accuracy. Methods that yield
approximate Green’s functions are often more focussed on response properties or thermal properties rather than total
energies in the ground state.
The current technology is evolving very fast and new materials are gaining interest. This fact forces to devise

reliable methods to simulate and determine the electronic porperties of such materials or even to find out novel
properties. However this is not an easy task because we usually deals with chemically complex systems that involve
strong correlations [4]. In many cases we can apply DFT to find the ground state properties but at the same time
we have to account for strong correlated by using other methods such as the dynamical Mean-Field theory or the
application of a Hubbard U to align bands and predict gaps[5, 6].

At this respect, there are two ways of combining DFT with lattice hamiltonians. In the first one, which is the most
common, the lattice hamiltonian is taken as the starting point and the density function theory is constructed for such
hamiltonian. In this case it is not correct to talk about functionals because the density is given by a list of occupation
numbers for each site and not as a continuous function in real space. We will refer to this as SOFT, i.e., site-occupation
theory. While analogs of the basic theorems of real-space DFT can be proven (such as the Hohenberg-Kohn theorems
and the Levy constrained search formulation) for SOFT, it is by no means clear how such schemes might converge to
the real-space functionals as more and more orbitals (and hence parameters) are added. The second option relies on
the modification of efficent solvers of lattice models so that they can be applied to real-space hamiltonians (at least
in 1D), and use them to explore the nature of the exact functionals and the failures of present approximations[7, 8].
Both options are almost orthogonal in nature. The first looks for approximate functionals for lattice hamiltonians

which allow the application of the KS-DFT technique on larger lattice systems, but still keeping the usual caveats of
DFT treatments. It is always possible to compare DFT calculations with exact results but only for small systems.
However, it is not clear if failures in these approximations are strictly related to failures of the standard DFT
calculations in real space. The second option, on the other hand, it is more feasible to mimic real-space DFT but at
the cost of harder calculations.
In this chapter we are going to focuss on the first approximation. We will perform a careful study of the Hubbard

dimer with the objective of showing the differences between SOFT and real-space DFT. We will see how we have
to incorporate inhomogeneity into the site occupations to be able to find explicit expressions for the exact density
functional. We will work the Hubbard dimer for which we will find an approximate functional. We will demonstrate
the accuracy of our formula by finding the ground state energies and densities by solving the KS equations. We will
also construct the adiabatic connection formula for the exact formula showing its similarity with that of real-space
DFT. We will also analyze the broken-symmetry solutions of Hartree-Fock theory, showing how these correctly give
the strongly-correlated limit.
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2. THE HUBBARD MODEL

The Hubbard hamiltonian is possibly the most studied model of a strongly correlated electron system. The model
assumes that the solid is composed of an atomic lattice such that each atom has a single orbital. The hamiltonian is
typically written as [9]

Ĥ =
∑

i,σ

vi,σ n̂i,σ −
∑

i j σ

(

tij ĉ
†
i σ ĉj σ + t∗ji ĉ

†
j σ ĉi σ

)

+
∑

i

Ui n̂i↑ n̂i↓ (1)

where it is usually assumed that all the on-site energies are equal vi = v0 as well as the Coulomb integrals Ui = U .
Further, the hopping integrals tij typically couple only nearest neighbour atoms and are all equal to a single value
t. Notice that the Coulomb interaction is assumed to be of ultra-short range, so that two electrons can only interact
if they are on the same atom. Further, they must have opposite spins to obey the Pauli principle. In general, the
on-site energies vi,σ are not usually considered so it is common to deal with the symmetric version of the model.
The Hubbard hamiltonian was initially introduced to describe the electronic properties of narrow-band metals

whose conduction bands are formed by d and f orbitals, so that electronic correlations become important[10, 11].
The model was therefore used to describe ferromagnetic, antiferromagnetic and spin-spiral instabilities and phases,
as well as the metal-insulator transition in 3d-metals and oxides, including High-Tc superconductors.

There exist analytical exact solutions of the model in one dimension using the Bethe ansatz technique [12]. It is also
possible to find out approximate solutions through broken symmetry Mean-Field solutions. The aim of this technique
is to neglect the quantum fluctuations, which for our hamiltonian means,

(n̂i↑ − 〈n̂i↑〉) (n̂i↓ − 〈n̂i↓〉) = 0 (2)

A. The inhomogeneous two-site Hubbard model

In this chapter we will concentrate our analysis on a Hubbard dimer with open boundary conditions allowing
different on-site energies on the two sites thus yielding asymmetric occupations. As we will see, this model can be
solved algebraically. We will assume that tij = t, giving the hamiltonian,

Ĥ = V̂ext + T̂ + V̂ee (3)

where the on-site, hopping and e-e repulsion terms are

V̂ext = v1 n̂1 + v2 n̂2 (4)

T̂ = −t
∑

σ

(ĉ†1σ ĉ2σ + ĉ†2σ ĉ1σ) (5)

V̂ee = U n̂1↑ n̂1↓ + U n̂2↑ n̂2↓ (6)

We choose v2 > v1, so that n1 > n2. We relabel the on-site energies as ∆v = v2 − v1 > 0, and v̄ = (v1 + v2) /2. For
simplicity, we will assume that v̄ = 0. Then the on-site term can be re-written as

V̂ext = −∆v

2
∆n̂ (7)

where n̂iσ = 1
2 (n̂i + σ m̂i) and ∆n̂ = n̂1 − n̂2. Written in this way, the on-site energy term can be viewed as an

external potential, which explains the above notation V̂ext for this term. Note that that T̂ and V̂ext do not correspond
to the real-space kinetic and potential energies. For example, the hopping energy is negative. It is in fact impossible
to reconstruct the actual kinetic and potential energies in the minimal basis set from the parameters in the Hubbard
model. This is shown in appendix C. This means that all theorems of DFT to be used must be reproven for the
lattice model. More importantly, the OFT (on-site functional theory, see papers by Noak et al [13]) does not become
real-space DFT in any limit of complete basis sets in any obvious way.

1. Exact solution of the Many-body hamiltonian for N = 1

It is easy to solve this model in the particle subspace with electron number N = 1. We will denote single-particle
states and two-particle states by greek symbols φi and ψi, respectively. Here we can set Vee = 0 and assume that the
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system contains a spin-up electron. The occupation space is 2 dimensional, just sites 1 or 2, so the basis set is |10〉
and |01〉. In this basis

Ĥ =

(

−∆v/2 −t
−t ∆v/2

)

(8)

The ground state energy and wave-functions are

E0 = = −1

2

√

4 t2 +∆v2 (9)

|φ0〉 =

(

cosα
sinα

)

(10)

where tanα =
√

1 + (∆v/2 t)2 −∆v/2 t. Then the ground state expectation values of the different magnitudes are

∆n0 = (cosα sinα)

(

1 0
0 −1

)(

cosα
sinα

)

=
∆v√

4 t2 +∆v2

T0 = (cosα sinα)

(

0 −t
−t 0

)(

cosα
sinα

)

= − 2 t2√
4 t2 +∆v2

Vext,0 = −∆v∆n0

2
= − ∆v2

2
√
4 t2 +∆v2

(11)

2. Exact solution of the Many-body hamiltonian for N = 2

We will only analyze the subspace with Sz = 0 as it contains the ground state of the N = 2 sector. This subspace
is spanned by the following four anti-symmetrized states:

|1100} = |1 ↑ 1 ↓}
|1001} = |1 ↑ 2 ↓}
|0110} = |1 ↓ 2 ↑}
|0011} = |2 ↑ 2 ↓} (12)

which are expressed in the number basis (1 ↑, 1 ↓; 2 ↑, 2 ↓). The hamiltonian is written as follows

Ĥ =







−∆v + U −t t 0
−t 0 0 −t
t 0 0 t
0 −t t ∆v + U






(13)

We will use the following shorthands:

r =
√

U2 + 3 (∆v2 + 4 t2) (14)

y = 9 (∆v2 − 2 t2)− U2 (15)

θ =
1

3
acos

[

y U

r3

]

(16)

The eigen-states are three singlets and a triplet state. We will drop the triplet state out of the discussion. The singlet
ground state energy and wavefunction are,

E0 =
2

3
U − 2 r

3
sin (θ +

π

6
) (17)

|ψ0〉 = (β+
0 , α0, −α0, β

−
0 )†

=
[

α0 (|12〉+ |21〉) + β+
0 |11〉 + β−

0 |22〉
] | ↑↓〉 − | ↓↑〉√

2
(18)
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FIG. 1: Evolution of E0 as a function of ∆v for different values of U and 2 t = 1. Insets: E0 as a function of η = ∆v/U around
η = 1; in the large U limit is clear the transition between symmetric the (η << 1) and the asymmetric (η >> 1) limits.

with

|ψ0| =

√

√

√

√2

(

∆v2 + (E0 − U)2 (1 +

(

2 t

E0

)2
)

(19)

α0 = −2 t(U − E0)

E0 |ψ0|
β±
0 =

U − E0 ±∆v

|ψ0|
(20)

Notice that we have decomposed the singlet anti-symmetrized states in terms of a symmetric real-space ket |IJ〉 times
the singlet spinor. The ket |IJ〉 denotes that the first and second electrons are placed on sites I and J , respectively.
It is useful to have also the expressions of the occupation difference and the ground state expectation values of the
different terms of the hamiltonian,

∆n

2
=

〈ψ0|∆n̂|ψ0〉
2

= (β+
0 )2 − (β−

0 )2

=
4∆v (U − E0)

|ψ0|2
(21)

Vext = −∆v∆n

2
= −4∆v2 (U − E0)

|ψ0|2
(22)

T = −2α0 (β
−
0 + β+

0 ) =
8 t (E0 − U)2

E0 |ψ0|2
(23)

Vee = U ((β−
0 )2 + (β+

0 )2) =
2U

(

(E0 − U)2 +∆v2
)

|ψ0|2
(24)

In the appendix A are given the limiting expressions for weak and strong coupling that will be of interest for the
following sections. We show in Fig. 1 the behaviour of E0, as a function of ∆v for several values of U and 2 t = 1.
This figure suggests that each magnitude could nearly collapse into a single curve if rescaled appropriately. The above
formulae can be simplified by rescaling them in terms of the dimensionless scaling magnitude η = ∆v/U , as shown in
appendix B. The small captions of the figure show the transition from small to large η that will let us define different
regimes with two limits: the symmetric Mott-Hubbard regime with η = 0 and the asymmetric Charge-Transfer regime
with η → ∞.
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On the other hand, the excited state energies and wavefunctions are just,

E1 =
2

3
U +

2 r

3
sin (θ − π

6
) (25)

|ψ1〉 = (β+
1 , α1, −α1, β

−
1 )†

=
[

α1 (|12〉+ |21〉) + β+
1 |11〉+ β−

1 |22〉
] | ↑↓〉 − | ↓↑〉√

2

E2 =
2

3
U +

2 r

3
cos θ (26)

|ψ2〉 = (β+
2 , α2, −α2, β

−
2 )†

=
[

α2 (|12〉+ |21〉) + β+
2 |11〉 + β−

2 |22〉
] | ↑↓〉 − | ↓↑〉√

2

with

|ψi| =

√

√

√

√2

(

∆v2 + (Ei − U)2 (1 +

(

2 t

Ei

)2

)

)

(27)

αi =
2 t (Ei − U)

Ei |ψi|
β±
i =

U − Ei ±∆v

|ψi|
(28)

(29)

3. Relationship to single-particle bonding and anti-bonding states

In the symmetric, non-interacting limit (∆v → 0 and U → 0), these singlet eigenstates can be written as a direct
product of bonding and anti-bonding states (the singlet spin ket is omitted):

|ψ0〉 → |φb〉 ⊗ |φb〉 (30)

=
1

2
(|1〉+ |2〉)1 ⊗ (|1〉+ |2〉)2

=
1

2
(|11〉+ |12〉+ |21〉+ |22〉)

|ψ1〉 → 1√
2
(|φb〉 ⊗ |φa〉+ |φa〉 ⊗ |φb〉)

=
1

2
√
2
(|1〉+ |2〉)1 ⊗ (|1〉 − |2〉)2 + (|1〉 − |2〉)1 ⊗ (|1〉+ |2〉)2

=
1√
2
(|11〉 − |22〉)

|ψ2〉 → |φa〉 ⊗ |φa〉 =
1

2
(|1〉 − |2〉)1 ⊗ (|1〉 − |2〉)2

=
1

2
(|11〉 − |12〉 − |21〉+ |22〉) (31)

We will therefore identify |ψ0〉 → |ψ1〉 and |ψ0〉 → |ψ2〉 transitions as single and double excitations, respectively.

3. APPROXIMATIONS TO THE HUBBARD MODEL

In this section we show two simple approximations applied to the Hubbard model: the Mean-Field (MF) and the
Bethe Ansatz Local Density Approximation (BALDA). We will show that both methods yield good results compared
to the exact solution for weak coupling but for strong coupling the error grows.
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A. Mean-Field description of the model

If the Coulomb U is small enough, a paramagnetic MF solution provides a reasonable description of the model
in dimensions equal or higher than two. As an example, the Hubbard model in a honeycomb lattice can describe
correctly a number of features of gated graphene samples. However, for large U or in one dimension, more sophisticated
approaches are demanded [11, 14].
Restricted HF solutions do not yield good results in case of strongly correlated multi-center problems and thus it is

better to perform broken-symmetry calculations. This is the case for example of the Anderson impurity model which
was solved by Anderson [15] by allowing symmetry breaking, several years before Kondo’s ground-breaking work. In
quantum chemistry, Coulson and Fisher identified the Coulson-Fisher point of the stretched H2 molecule where the
broken symmetry solution has lower energy than the restricted solution[16]. Although modern quantum chemists like
to spin purify their wavefunctions, DFT users [17] claim that the broken-symmetry solution is the ’correct’ (for an
approximate functional).
Focussing in our Hubbard dimer, the (single-particle) MF hamiltonian is spin-block diagonal

ĤMF =
∑

σ

ĤMF
σ (32)

ĤMF
σ =

∑

i

(vi + U 〈ni−σ〉) n̂iσ − t
∑

i,j

(ĉ†iσ ĉjσ + ĉ†jσ ĉiσ)

where niσ = 〈n̂iσ〉. From the derivation in appendix G this hamiltonian yields four eigenvalues given by,

eMF
±,σ =

U

4
(N − σM)± R−σ

2
(33)

Rσ =
√

Γ2
σ + 4 t2

Γσ = ∆v − U

2
(∆n+ σ∆m)

with σ = +1 for spin up and σ = −1 for spin down. We take ni = ni,↑ + ni,↓ and mi = ni,↑ − ni↓. We also have
∆n = n1 − n2 and ∆m = m1 −m2. Setting M = m1 +m2 and N = n1 + n2 as the total magnetization and particle
number of the system, the total energy of the system is

EFM = e−,↑ + e+,↑ − UH (34)

EAFM = e−,↑ + e−,↓ − UH (35)

where we write the Hartree term as

UH =
U

4
(n1 ↑ n1 ↓ + n2 ↑ n2 ↓)

=
U

8

(

N2 −M2 +∆n2 −∆m2
)

(36)

Depending on whether EAFM,PM is larger or smaller than EFM , the ground state of the system may be ferromagnetic
(N = 2, M = 2), antiferromagnetic (N = 2, M = 0, |∆m| ≥ 0). With this notation, the paramagnetic state is a
special case of the AFM state with ∆m = 0. We see in appendix G that EFM = 0. We have have checked numerically
that the AFM state has negative total energy. Thus, the ferromagnetic state is never the ground state.

The MF ground state is then given by the AFM state,

EAFM =
U

2
(1− ∆n2 −∆m2

4
)− R↑ +R↓

2
. (37)

We minimize now the above energy with respect to ∆n and ∆m, and find the set of self-consistency equations

∆n =
Γ↑

R↑
+

Γ↓

R↓

∆m =
Γ↑

R↑
− Γ↓

R↓
(38)

The AFM self-consistency equations (38) always have the trivial solution ∆m = 0, which corresponds to the Rectricted
MF solution. However, there exists a non-trivial solution ∆m 6= 0 for large enough values of U (and always larger
than 2 t).
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ratio. We then apply the concepts of density functional theory to this model, establishing its Kohn-
Sham description and the corresponding adiabatic connection. A parametrized functional will be
also devised using a method that allows improving the accuracy of any approximated functional
whenever the relation between the kinetic and the potential correlation terms is known. We will see
that approximation gives much better results than MF and BALDA.

1. INTRODUCTION

It is well known that in condensed matter the world of electronic structure can be divided into two different regimes,
one corresponding to weak and the other to strong correlations. The solution of problems involving weakly correlated
systems is usually simpler and accurate results can be obtained by using standard perturbation methods or density-
functional theory (DFT) techniques. Other Many-Body (MB) approximations such as GW can be also applied to find
the quasi-particle spectrum or the gap [1, 2].
These methods however fail for strong correlated systems [3]. In this case it is more common the use of lattice

hamiltonians with a small number of parameters. As a result, the hamiltonians are easier to handle even when strong
correlations are incorporated. Furthermore, the relative simplicity of the models and the approximate solutions
often yield insights into the physiscs, especially for extended systems. The main drawback of this option is that
the hamiltonians are not derived from first-principles and it is difficult to asses their accuracy. Methods that yield
approximate Green’s functions are often more focussed on response properties or thermal properties rather than total
energies in the ground state.
The current technology is evolving very fast and new materials are gaining interest. This fact forces to devise

reliable methods to simulate and determine the electronic porperties of such materials or even to find out novel
properties. However this is not an easy task because we usually deals with chemically complex systems that involve
strong correlations [4]. In many cases we can apply DFT to find the ground state properties but at the same time
we have to account for strong correlated by using other methods such as the dynamical Mean-Field theory or the
application of a Hubbard U to align bands and predict gaps[5, 6].

At this respect, there are two ways of combining DFT with lattice hamiltonians. In the first one, which is the most
common, the lattice hamiltonian is taken as the starting point and the density function theory is constructed for such
hamiltonian. In this case it is not correct to talk about functionals because the density is given by a list of occupation
numbers for each site and not as a continuous function in real space. We will refer to this as SOFT, i.e., site-occupation
theory. While analogs of the basic theorems of real-space DFT can be proven (such as the Hohenberg-Kohn theorems
and the Levy constrained search formulation) for SOFT, it is by no means clear how such schemes might converge to
the real-space functionals as more and more orbitals (and hence parameters) are added. The second option relies on
the modification of efficent solvers of lattice models so that they can be applied to real-space hamiltonians (at least
in 1D), and use them to explore the nature of the exact functionals and the failures of present approximations[7, 8].
Both options are almost orthogonal in nature. The first looks for approximate functionals for lattice hamiltonians

which allow the application of the KS-DFT technique on larger lattice systems, but still keeping the usual caveats of
DFT treatments. It is always possible to compare DFT calculations with exact results but only for small systems.
However, it is not clear if failures in these approximations are strictly related to failures of the standard DFT
calculations in real space. The second option, on the other hand, it is more feasible to mimic real-space DFT but at
the cost of harder calculations.
In this chapter we are going to focuss on the first approximation. We will perform a careful study of the Hubbard

dimer with the objective of showing the differences between SOFT and real-space DFT. We will see how we have
to incorporate inhomogeneity into the site occupations to be able to find explicit expressions for the exact density
functional. We will work the Hubbard dimer for which we will find an approximate functional. We will demonstrate
the accuracy of our formula by finding the ground state energies and densities by solving the KS equations. We will
also construct the adiabatic connection formula for the exact formula showing its similarity with that of real-space
DFT. We will also analyze the broken-symmetry solutions of Hartree-Fock theory, showing how these correctly give
the strongly-correlated limit.
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2. THE HUBBARD MODEL

The Hubbard hamiltonian is possibly the most studied model of a strongly correlated electron system. The model
assumes that the solid is composed of an atomic lattice such that each atom has a single orbital. The hamiltonian is
typically written as [9]

Ĥ =
∑

i,σ

vi,σ n̂i,σ −
∑

i j σ

(

tij ĉ
†
i σ ĉj σ + t∗ji ĉ

†
j σ ĉi σ

)

+
∑

i

Ui n̂i↑ n̂i↓ (1)

where it is usually assumed that all the on-site energies are equal vi = v0 as well as the Coulomb integrals Ui = U .
Further, the hopping integrals tij typically couple only nearest neighbour atoms and are all equal to a single value
t. Notice that the Coulomb interaction is assumed to be of ultra-short range, so that two electrons can only interact
if they are on the same atom. Further, they must have opposite spins to obey the Pauli principle. In general, the
on-site energies vi,σ are not usually considered so it is common to deal with the symmetric version of the model.
The Hubbard hamiltonian was initially introduced to describe the electronic properties of narrow-band metals

whose conduction bands are formed by d and f orbitals, so that electronic correlations become important[10, 11].
The model was therefore used to describe ferromagnetic, antiferromagnetic and spin-spiral instabilities and phases,
as well as the metal-insulator transition in 3d-metals and oxides, including High-Tc superconductors.

There exist analytical exact solutions of the model in one dimension using the Bethe ansatz technique [12]. It is also
possible to find out approximate solutions through broken symmetry Mean-Field solutions. The aim of this technique
is to neglect the quantum fluctuations, which for our hamiltonian means,

(n̂i↑ − 〈n̂i↑〉) (n̂i↓ − 〈n̂i↓〉) = 0 (2)

A. The inhomogeneous two-site Hubbard model

In this chapter we will concentrate our analysis on a Hubbard dimer with open boundary conditions allowing
different on-site energies on the two sites thus yielding asymmetric occupations. As we will see, this model can be
solved algebraically. We will assume that tij = t, giving the hamiltonian,

Ĥ = V̂ext + T̂ + V̂ee (3)

where the on-site, hopping and e-e repulsion terms are

V̂ext = v1 n̂1 + v2 n̂2 (4)

T̂ = −t
∑

σ

(ĉ†1σ ĉ2σ + ĉ†2σ ĉ1σ) (5)

V̂ee = U n̂1↑ n̂1↓ + U n̂2↑ n̂2↓ (6)

We choose v2 > v1, so that n1 > n2. We relabel the on-site energies as ∆v = v2 − v1 > 0, and v̄ = (v1 + v2) /2. For
simplicity, we will assume that v̄ = 0. Then the on-site term can be re-written as

V̂ext = −∆v

2
∆n̂ (7)

where n̂iσ = 1
2 (n̂i + σ m̂i) and ∆n̂ = n̂1 − n̂2. Written in this way, the on-site energy term can be viewed as an

external potential, which explains the above notation V̂ext for this term. Note that that T̂ and V̂ext do not correspond
to the real-space kinetic and potential energies. For example, the hopping energy is negative. It is in fact impossible
to reconstruct the actual kinetic and potential energies in the minimal basis set from the parameters in the Hubbard
model. This is shown in appendix C. This means that all theorems of DFT to be used must be reproven for the
lattice model. More importantly, the OFT (on-site functional theory, see papers by Noak et al [13]) does not become
real-space DFT in any limit of complete basis sets in any obvious way.

1. Exact solution of the Many-body hamiltonian for N = 1

It is easy to solve this model in the particle subspace with electron number N = 1. We will denote single-particle
states and two-particle states by greek symbols φi and ψi, respectively. Here we can set Vee = 0 and assume that the
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system contains a spin-up electron. The occupation space is 2 dimensional, just sites 1 or 2, so the basis set is |10〉
and |01〉. In this basis

Ĥ =

(

−∆v/2 −t
−t ∆v/2

)

(8)

The ground state energy and wave-functions are

E0 = = −1

2

√

4 t2 +∆v2 (9)

|φ0〉 =

(

cosα
sinα

)

(10)

where tanα =
√

1 + (∆v/2 t)2 −∆v/2 t. Then the ground state expectation values of the different magnitudes are

∆n0 = (cosα sinα)

(

1 0
0 −1

)(

cosα
sinα

)

=
∆v√

4 t2 +∆v2

T0 = (cosα sinα)

(

0 −t
−t 0

)(

cosα
sinα

)

= − 2 t2√
4 t2 +∆v2

Vext,0 = −∆v∆n0

2
= − ∆v2

2
√
4 t2 +∆v2

(11)

2. Exact solution of the Many-body hamiltonian for N = 2

We will only analyze the subspace with Sz = 0 as it contains the ground state of the N = 2 sector. This subspace
is spanned by the following four anti-symmetrized states:

|1100} = |1 ↑ 1 ↓}
|1001} = |1 ↑ 2 ↓}
|0110} = |1 ↓ 2 ↑}
|0011} = |2 ↑ 2 ↓} (12)

which are expressed in the number basis (1 ↑, 1 ↓; 2 ↑, 2 ↓). The hamiltonian is written as follows

Ĥ =







−∆v + U −t t 0
−t 0 0 −t
t 0 0 t
0 −t t ∆v + U






(13)

We will use the following shorthands:

r =
√

U2 + 3 (∆v2 + 4 t2) (14)

y = 9 (∆v2 − 2 t2)− U2 (15)

θ =
1

3
acos

[

y U

r3

]

(16)

The eigen-states are three singlets and a triplet state. We will drop the triplet state out of the discussion. The singlet
ground state energy and wavefunction are,

E0 =
2

3
U − 2 r

3
sin (θ +

π

6
) (17)

|ψ0〉 = (β+
0 , α0, −α0, β

−
0 )†

=
[

α0 (|12〉+ |21〉) + β+
0 |11〉 + β−

0 |22〉
] | ↑↓〉 − | ↓↑〉√

2
(18)
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FIG. 1: Evolution of E0 as a function of ∆v for different values of U and 2 t = 1. Insets: E0 as a function of η = ∆v/U around
η = 1; in the large U limit is clear the transition between symmetric the (η << 1) and the asymmetric (η >> 1) limits.

with

|ψ0| =

√

√

√

√2

(

∆v2 + (E0 − U)2 (1 +

(

2 t

E0

)2
)

(19)

α0 = −2 t(U − E0)

E0 |ψ0|
β±
0 =

U − E0 ±∆v

|ψ0|
(20)

Notice that we have decomposed the singlet anti-symmetrized states in terms of a symmetric real-space ket |IJ〉 times
the singlet spinor. The ket |IJ〉 denotes that the first and second electrons are placed on sites I and J , respectively.
It is useful to have also the expressions of the occupation difference and the ground state expectation values of the
different terms of the hamiltonian,

∆n

2
=

〈ψ0|∆n̂|ψ0〉
2

= (β+
0 )2 − (β−

0 )2

=
4∆v (U − E0)

|ψ0|2
(21)

Vext = −∆v∆n

2
= −4∆v2 (U − E0)

|ψ0|2
(22)

T = −2α0 (β
−
0 + β+

0 ) =
8 t (E0 − U)2

E0 |ψ0|2
(23)

Vee = U ((β−
0 )2 + (β+

0 )2) =
2U

(

(E0 − U)2 +∆v2
)

|ψ0|2
(24)

In the appendix A are given the limiting expressions for weak and strong coupling that will be of interest for the
following sections. We show in Fig. 1 the behaviour of E0, as a function of ∆v for several values of U and 2 t = 1.
This figure suggests that each magnitude could nearly collapse into a single curve if rescaled appropriately. The above
formulae can be simplified by rescaling them in terms of the dimensionless scaling magnitude η = ∆v/U , as shown in
appendix B. The small captions of the figure show the transition from small to large η that will let us define different
regimes with two limits: the symmetric Mott-Hubbard regime with η = 0 and the asymmetric Charge-Transfer regime
with η → ∞.
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On the other hand, the excited state energies and wavefunctions are just,

E1 =
2

3
U +

2 r

3
sin (θ − π

6
) (25)

|ψ1〉 = (β+
1 , α1, −α1, β

−
1 )†

=
[

α1 (|12〉+ |21〉) + β+
1 |11〉+ β−

1 |22〉
] | ↑↓〉 − | ↓↑〉√

2

E2 =
2

3
U +

2 r

3
cos θ (26)

|ψ2〉 = (β+
2 , α2, −α2, β

−
2 )†

=
[

α2 (|12〉+ |21〉) + β+
2 |11〉 + β−

2 |22〉
] | ↑↓〉 − | ↓↑〉√

2

with

|ψi| =

√

√

√

√2

(

∆v2 + (Ei − U)2 (1 +

(

2 t

Ei

)2

)

)

(27)

αi =
2 t (Ei − U)

Ei |ψi|
β±
i =

U − Ei ±∆v

|ψi|
(28)

(29)

3. Relationship to single-particle bonding and anti-bonding states

In the symmetric, non-interacting limit (∆v → 0 and U → 0), these singlet eigenstates can be written as a direct
product of bonding and anti-bonding states (the singlet spin ket is omitted):

|ψ0〉 → |φb〉 ⊗ |φb〉 (30)

=
1

2
(|1〉+ |2〉)1 ⊗ (|1〉+ |2〉)2

=
1

2
(|11〉+ |12〉+ |21〉+ |22〉)

|ψ1〉 → 1√
2
(|φb〉 ⊗ |φa〉+ |φa〉 ⊗ |φb〉)

=
1

2
√
2
(|1〉+ |2〉)1 ⊗ (|1〉 − |2〉)2 + (|1〉 − |2〉)1 ⊗ (|1〉+ |2〉)2

=
1√
2
(|11〉 − |22〉)

|ψ2〉 → |φa〉 ⊗ |φa〉 =
1

2
(|1〉 − |2〉)1 ⊗ (|1〉 − |2〉)2

=
1

2
(|11〉 − |12〉 − |21〉+ |22〉) (31)

We will therefore identify |ψ0〉 → |ψ1〉 and |ψ0〉 → |ψ2〉 transitions as single and double excitations, respectively.

3. APPROXIMATIONS TO THE HUBBARD MODEL

In this section we show two simple approximations applied to the Hubbard model: the Mean-Field (MF) and the
Bethe Ansatz Local Density Approximation (BALDA). We will show that both methods yield good results compared
to the exact solution for weak coupling but for strong coupling the error grows.
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A. Mean-Field description of the model

If the Coulomb U is small enough, a paramagnetic MF solution provides a reasonable description of the model
in dimensions equal or higher than two. As an example, the Hubbard model in a honeycomb lattice can describe
correctly a number of features of gated graphene samples. However, for large U or in one dimension, more sophisticated
approaches are demanded [11, 14].
Restricted HF solutions do not yield good results in case of strongly correlated multi-center problems and thus it is

better to perform broken-symmetry calculations. This is the case for example of the Anderson impurity model which
was solved by Anderson [15] by allowing symmetry breaking, several years before Kondo’s ground-breaking work. In
quantum chemistry, Coulson and Fisher identified the Coulson-Fisher point of the stretched H2 molecule where the
broken symmetry solution has lower energy than the restricted solution[16]. Although modern quantum chemists like
to spin purify their wavefunctions, DFT users [17] claim that the broken-symmetry solution is the ’correct’ (for an
approximate functional).
Focussing in our Hubbard dimer, the (single-particle) MF hamiltonian is spin-block diagonal

ĤMF =
∑

σ

ĤMF
σ (32)

ĤMF
σ =

∑

i

(vi + U 〈ni−σ〉) n̂iσ − t
∑

i,j

(ĉ†iσ ĉjσ + ĉ†jσ ĉiσ)

where niσ = 〈n̂iσ〉. From the derivation in appendix G this hamiltonian yields four eigenvalues given by,

eMF
±,σ =

U

4
(N − σM)± R−σ

2
(33)

Rσ =
√

Γ2
σ + 4 t2

Γσ = ∆v − U

2
(∆n+ σ∆m)

with σ = +1 for spin up and σ = −1 for spin down. We take ni = ni,↑ + ni,↓ and mi = ni,↑ − ni↓. We also have
∆n = n1 − n2 and ∆m = m1 −m2. Setting M = m1 +m2 and N = n1 + n2 as the total magnetization and particle
number of the system, the total energy of the system is

EFM = e−,↑ + e+,↑ − UH (34)

EAFM = e−,↑ + e−,↓ − UH (35)

where we write the Hartree term as

UH =
U

4
(n1 ↑ n1 ↓ + n2 ↑ n2 ↓)

=
U

8

(

N2 −M2 +∆n2 −∆m2
)

(36)

Depending on whether EAFM,PM is larger or smaller than EFM , the ground state of the system may be ferromagnetic
(N = 2, M = 2), antiferromagnetic (N = 2, M = 0, |∆m| ≥ 0). With this notation, the paramagnetic state is a
special case of the AFM state with ∆m = 0. We see in appendix G that EFM = 0. We have have checked numerically
that the AFM state has negative total energy. Thus, the ferromagnetic state is never the ground state.

The MF ground state is then given by the AFM state,

EAFM =
U

2
(1− ∆n2 −∆m2

4
)− R↑ +R↓

2
. (37)

We minimize now the above energy with respect to ∆n and ∆m, and find the set of self-consistency equations

∆n =
Γ↑

R↑
+

Γ↓

R↓

∆m =
Γ↑

R↑
− Γ↓

R↓
(38)

The AFM self-consistency equations (38) always have the trivial solution ∆m = 0, which corresponds to the Rectricted
MF solution. However, there exists a non-trivial solution ∆m 6= 0 for large enough values of U (and always larger
than 2 t).
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FIG. 2: Plots of the RMF ∆n and UMF ∆n and ∆m as a function of ∆v for U = 0.2, 1, 5 and 10. The figures show the
MF second-order transition from the paramagnetic to the antiferromagnetic states from the weakly to the strongly correlated
regimes. It also shows the crossover from the Charge-Transfer to the Mott-Hubbard regimes that happen at about U ≈ ∆v.
Here 2 t = 1.

We plot in Fig. 2 the MF order parameters ∆n and ∆m as a function of ∆v for ∆v = 2 and 2 t = 1 for the
Restricted (RMF) and Unrestricted MF (UMF) solutions. The figure shows the second-order MF transition from
the paramagnetic to the antiferromagetic state at U ≤ ∆v, which is accompanied by a faster crossover from the
Charge-Transfer ∆n ≈ 2 to the Mott-Hubbard ∆n ≈ 0 regimes. Figs. 3 shows the exact, RMF and UMF ground
state energies as a function of ∆v, and shows that the RMF solution is accurate for small U ≤ ∆v, but is much
larger than the exact in the Mott-Hubbard regime. The exact solution saturates to zero as U ≥ ∆v. This behavior is
captured by the UMF solution. Further, the infinite-U value of the energy is captured exactly by the UMF solution.
In the limit U → ∞ both results converge to 0 but with a different slope. We can compute analytically the exact and
MF energies in this limit,

E0 → −4 t2

U
(39)

EFM
0 → −2 t2

U
(40)

confirming that the slope of the exact result is twice larger than that of the MF solution. The Fig. 4 gives a better
view of the errors made by both approximations. We find that RMF and UMF are indistinguishable when U ≤ ∆v
but UMF performs much better in the opposite limit.

B. BALDA

Among the most common and known approximations to the exchange-correlation energy functional in real space is
the Local Density Approximation (LDA) where it is used the Fermi-liquid electron gas as reference. However in 1D
systems, as is the case of the inhomogeneous infinite Hubbard chain, the Fermi-liquid breaks down and we have to
incorporate the Luttinger-liquid correlations instead. The Bethe ansatz LDA (BALDA) [18–20] uses the Bethe ansatz
solution [12, 14] to build a parametrization of the energy per site.
We use here the semi-analytical approach to BALDA[18, 21] where the expressions are given in appendix H for

the two-site Hubbard model. In Fig. 5 we plot the BALDA ground state energy as a function of ∆v for several U .
The figure indicates that the BALDA scheme is accurate for values of U smaller than ∆v, where the system is in the
Charge-Transfer regime. However, the figure shows that BALDA fails grossly whenever U is larger than ∆v, where
the system is effectively half-filled, hence in the Mott-Hubbard regime. Indeed it is easy to see that the ground state
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FIG. 3: Plots of the exact (blue solid line), RMF (dashed green), UMF (dashed red) and BALDA (dashed black) ground state
energies as a function of ∆v for U = 0.2, 1, 5 and 10. The figure shows the crossover from the weakly-correlated, Charge-transfer
regime where the Energy grows linearly with U to the Mott-Hubbard regime where the energy saturates. Here 2 t = 1.

FIG. 4: Plots of the error in the determination of the exact ground state energy ∆E = Eapprox − Eexact as a function of ∆v
for UMF (red), RMF (green) and BALDA (black) for U = 0.2, 1, 5 and 10.

energy of the symmetric system (i.e. ∆n = 0) does not match the exact one,

E = U−
√
16 t2+U2

2 −→ −4 t2

U
(41)

EBA = 2 t
(

4
π
− 2 β

π
sin
(

π
β

)

− 1
)

−→ 2 t

(

4

π
− 1

)

> 0 (42)

If we compare the results obtained with those from the UMF, we see in Fig. 4 that the MF solution is more accurate
than the BALDA result. At this respect, we indicate that the BALDA’s reference system is an infinite homogeneous
chain with periodic boundary conditions and that the Hubbard dimer is a finitie open boundary system so it is
expected that our system is in the limit of BALDA validity range.
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FIG. 5: Exact (blue) and BALDA ground state energies (Eexact
0 and EBALDA

0 ) plotted as a function of ∆v for U = 0,
U = 0.5, U = 2 and U = 100, with 2t = 1. The BALDA energies are evaluated at the self-consistent BALDA densities:
EBALDA

0 [∆nBALDA].

FIG. 6: Exact (blue line) self-consistent Ec as a function of ∆v for several values of U : 0.2, 1, 5 and 100. The figure also shows
EBALDA

C [∆nBALDA] (red line). Here 2t = 1.

4. SITE-OCCUPATION FUNCTION THEOY (SOFT)

In this section, we introduce the site-occupation function theory for the Hubbard dimer[13, 22–24]. We will assume
that the minimal basis set is made by just one function per atom for the real hamiltonian, with a 1s orbital around
each nucleus symmetrically orthonormalized. Then there exist a contribution from each operator in real space to the
parameters t, ∆v and U of the Hubbard hamiltonian, as shown in appendix C.
Following these assumptions, it is easy to verify the validity of SOFT for the dimer. There is a one-to-one corre-

spondence between densities and external potentials as long as each occupation come from a given ∆v redardless of
the value of U . But it is importnat to stress that the kinetic and on-site energies in SOFT do not correspond to the
real space kinetic and potential energy, respectively. This yields that the theorems of DFT shall be reproven for the
lattice model. Furthermore, according to papers of Noack et al [13], on-site functional theory (OFT) does not become
real space DFT in any limit of complete basis sets.
However it will be considered that the hopping energy in SOFT plays the role of the kinetic energy in DFT, and
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the onsite energy in SOFT plays the role of the one-body potential. The interaction term obviously plays the role of
V̂ee.

A. SOFT for the non-interacting Hubbard dimer

We will start by applying the DFT logic to the non-interacting Hubbard dimer, which is almost trivial but will
serve to show how SOFT works. We can find out an expression relating ∆v with ∆n by using (17), which for U = 0
is given by,

E0 = −
√

∆v2 + 4 t2 (43)

and substtuting in (21) and (22), which yields,

∆v =
2 t∆n√
4−∆n2

(44)

In the non-interacting limit, the ground state energy has contributions only from the kinetic and the on-site energies.
We can then find an expression for the first in terms of the occupation by using (44) in (43) and (22),

T (∆n) = E0 +
∆n∆v

2
= −2 t

√

1−
(

∆n

2

)2

(45)

This is the exact universal density functional F (∆n) as there are no other contributions in this limit. If we would
have initially the density functional, we could solve the DFT problem by contructing the total energy functional,

E(∆n) = F (∆n)−∆v∆n/2 (46)

and minimizing with respect to ∆n to find the ground state energy and density, obtaining,

E0 = −
√

4 t2 +∆v2 (47)

∆n0 = 2∆v/
√

4 t2 +∆v2 (48)

which, as expected, agrees with (43) and (44) when ∆n is written in terms of ∆v.
According to the discussion in appendix C, we know that the hopping and the on-site energies do not represent the

real-space kinetic and external potentials respectively; furthermore, a change on the atoms of our dimer would yield
a change on both t and ∆v. We have found however that keeping t fixed, there exists a one-to-one correspondence
between the on-site energy ∆v and the occupations ∆n. Thus varying the first, we change the last. This is similar to
what happens in real-space where the occupations are in correspondence with the external potential.

B. The exact functional for the interacting Hubbard dimer

The determination of the exact functional for the interacting dimer cannot be solved analitically except in some
limits. If we would follow a similar procedure as in the previous section using Eqs. (21) and (22) we would find that
there is not an explicit analytical formula relating the on-site energy with the occupations. In the Fig. 7 we plot the
exact functional at several U showing the differences between weak and strong coupling. We observe that the first
limit shows a smooth transition from ∆n < 0 to ∆n > 0 (that is, from n1 < 1 to n1 > 1) and that at least partially
has negative values. As we move to the strong coupling limit, the transition from negative to positive ∆n becomes
sharp so that a derivative discontinuity is expected when U → ∞. The presence of derivative discontinuities in the
functional for N integer (in this case n1 = 1) is typical of DFT. We also see that in this limit the functional goes
asymptotically as F = U |∆n|/2.

C. Kohn-Sham method

Although the knowledge of the exact functional is instructive from the point of view of pure DFT, it is more
convenient to analyze the Kohn-Sham scheme as this yields much more accurate results. We remind that this scheme
allows to find the exact ground state energy and the occupations by solving an equivalent non-interacting problem.



35

FIG. 7: Exact functional for different values of U and 2 t = 1. The weak to strong coupling transition is reflected in an
increasingly sharp function at ∆n = 0 and a U |∆n|/2 asymptotic behaviour.

We define the correlation energy as,

Ec(∆n) = F (∆n)− Ts(∆n)− UH(∆n)

= F (∆n)− Ts(∆n)− UH(∆n)/2 (49)

The KS potential is given by,

∆vs = ∆v − 2 (dUH/d∆n+ dExc/d∆n) (50)

The exact ground state is then found as,

E0(∆n) = Ts(∆n) + Vext(∆n) + UH(∆n) + Exc(∆n) (51)

The equivalent KS system sets a fictitiuos system of non-interacting electrons with the same occupation distribution
as the real hamiltonian that will satisfy the KS equation. If we express the Kohn-Sham hamiltonian in a single-particle
basis we get a form reminiscent of our HF approach:

ĥs(∆n) =

(

vs,1 −t
−t vs,2

)

(52)

vs,i(∆n) = vi + vH,i + vx,i + vc,i = vi + vHx,i + vc,i (53)

We can define the potentials in terms of v̄s = (vs,1 + vs,2)/2 and ∆vs = vs,2 − vs,1 as,

v̄s = v̄Hx + v̄c (54)

∆vs = ∆v +∆vHx +∆vc (55)

The eigenvalues and eigenstates can be easily found,

ǫs,±(∆n) = v̄s ±

√

(

∆vs
2

)2

+ t2 (56)

|φs,±(∆n)〉 = u± |1〉 ∓ u∓ |2〉 (57)

where u± are the conventional Bogoliubov factors 1√
2

(

1∓ ∆vs/2√
(∆vs/2)

2+t2

)1/2

. For N = 2 the bonding state ”-” is

doubly occupied, while the anti-bonding state ”+” is empty. The ground state energy can be also written in terms of
the KS eigenvalues as,

E0(∆n) = 2 ǫs,− + EHxc − n1 vHxc,1 − n2 vHxc,2 = 2 ǫs,− + EHxc +
∆n∆vHxc

2
− 2 v̄Hxc (58)
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FIG. 8: Plot of ∆vxc for different U and 2 t = 1.

Now we want to find out the explicit expression for vc,i. Before going on, we will calculate the Hartree and exchange
potentials using the definitions of the Hartree and exchange energies given in appendix F,

vH,1,2 =
∂UH

∂n1,2
= U n1,2 = U

(

1± ∆n

2

)

(59)

vx,1,2 =
∂Ex

∂n1,2
= −U n1,2

2
= −U

2

(

1± ∆n

2

)

(60)

vHx,1,2 =
U

2
n1,2 =

U

2

(

1± ∆n

2

)

(61)

Hence,

v̄s(∆n) =
U

2
+ v̄c (62)

∆vs(∆n) = ∆v − U

2
∆n+∆vc (63)

The KS potential ∆vs must be adjusted to provide the MB occupation ∆n,

∆vs(∆n) =
2 t∆n√
4−∆n2

(64)

which is indeed equivalent to the result found for ∆v in Eq. (44) for the non-interacting Hubbard dimer. Therefore,
the correlation potentials are given by

∆vc(∆n) =
2 t∆n√
4−∆n2

−∆v −∆vHx =
2 t∆n√
4−∆n2

−∆v +
U ∆n

2
(65)

v̄c(∆n) =
∂Ec[∆n,N ]

∂N

∣

∣

∣

∣

N=2

(66)

so to determine v̄c we need to know Ec[∆n,N ] not only at N = 2 but also in its neighbourhood, where it has a
discontinuous derivative. At this respect we would take the derivative for N = 2−. However an algebraic expression
of Ec[∆n,N ] is hardly achievable so in principle we are restricted to find numerical solutions which we will not develop
here. We will discuss more on this topic in the following chapter where we will derive the functional for non-integer
occupations.
In the Fig. 8 is plotted the ∆vxc potential. The Kohn-Sham kinetic energy must match the exact kinetic energy of
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FIG. 9: Evolution of E0(∆n) for several values of U and 2 t = 1. In the asymmetric limit ∆n → ±2, the energy diverges.

the non-interacting system in Eq. (45),

Ts(∆n) = −2 t

√

1−
(

∆n

2

)2

(67)

We can find the individual components of the correlation energy,

Ec(∆n) = Tc(∆n) + Uc(∆n) (68)

as,

Tc(∆n) = T (∆n)− Ts(∆n) (69)

Uc(∆n) = Vee(∆n)− UH(∆n)− Ex(∆n)

= Vee(∆n)− UH(∆n)/2 (70)

The Figs. 10-12 show the evolution of Tc(∆n), Uc(∆n) and Ec(∆n) for several U where we see that,

EC < 0, TC > 0, UC < 0 (71)

as expected if we would follow the DFT reasoning. The figures and the results obtained in appendix D also show that
in the weak coupling limit, the correlation energy goes as U2 and that are small compared to the total energy as seen
in Fig. 9. On the other hand, when U is large, we see that Tc remains finite while the potential contribution is of
the order of the total energy; in this regime, the correlation energy goes as U as obtained in the appendix D. These
results show that it is possible to apply the DFT methods to the Hubbard dimer always keeping in mind that there
are differences in the meaning of the different parameters involved with respect to the real-space ones.

Another interesting topic is the distinction between static and dynamic correlations which in the context of the
Hubbard dimer correspond to the kinetic and the potential correlations respectively. Comparing Figs. 10 and 12 we
find that in the weak correlation limit (small U), |Ec| → Tc which is equivalent to say that Uc → 0. On the other
hand, inthe strong correlation limit (U → ∞) we have that |Ec| >> Tc. The stretched limit of a molecule can be
viewed as a strongly correlated system in MB language because t → 0. The exact wavefunction will only have static
correlation in this limit, which in DFT is understood as a system with vanishing kinetic correlation.

D. Derivative discontinuity

The derivative discontinuity of the correlation energy is a well known characteristic of DFT. This discontinuity
appears at integer particle numbers N so that the derivative jumps when one goes from N − δ to N + δ, with δ an
infinitesimal number. This plays a key role e.g. in the explanation of why DFT does not predict the correct band gap
specially when correlations become strong. We will work out this topic in the next chapter when we will develop the
analysis of fractional particle numbers.
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FIG. 10: Evolution of Tc(∆n) for several values of U and 2 t = 1.

FIG. 11: Evolution of Uc(∆n) for several values of U and 2 t = 1.

However we have already seen that even when we have a fixed the number of particles as in the case we are analyzing
in this chapter, there is also a derivative discontinuity at ∆n = 0 when correlations are large. This is evident in Figs.
9-12. When correlations are strong, we have that U >> ∆v and there is one electron on each site due to the large
electron-electron interaction. Indeed as U is finite, there will be slightly more than one electron in one site and
less than one on the other site, which means that the derivative of the curve is not fully discontinuous. Fig. 13
is instructive at this respect. We find that larger values of U make the transition from the Mott-Hubbard to the
Charge-Transfer regime more abrupt. In the limit of U → ∞ this transition would be reflected as a step function.
Approximated functionals in general does not reproduce this behaviour and is a capital reason for their inability to
describe correctly the dissociation of molecules.
Among the approximations we have analyzed, we have found that the UMF solution captures partially this abrupt

change on the occupation for U ≈ ∆v and U >> 2 t (see Fig. 2). Also BALDA, by construction, includes a
discontinuity at ∆n = 0. Indeed this has a clear consequence compared with the RMF solution, which does not show
such abrupt variation around U ≈ ∆v; if we go back to the figure representing the ground state energy obtained by
each approximation (Fig. 3), we find that both UMF and BALDA follow (or at least try) the change of slope of the
exact energy at ∆v ≈ U and give better estimations than the RMF solution. The UMF solution pays a cost in the
form of an artificial magnetic transition; at this respect BALDA maintains the spin singlet of the exact solution.

E. Adiabatic connection

It is interesting to analyze the adiabatic connection of the Hubbard dimer. In general terms, the importance of
the adiabatic connection in DFT is related with the possibility of constructing exact and approximate functionals
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FIG. 12: Evolution of Ec(∆n) for several values of U and 2 t = 1.

FIG. 13: Evolution of ∆n as a function of ∆v for several values of U and 2 t = 1.

from their potential contributions in terms of their relative kinetic and potential contributions. Indeed we will use
the adiabatic connection to build a parametrized functional for the Hubbard dimer in the next section.
The adiabatic connection was first employed in the fifties of the 20th century when Gell Mann and Low used it to

prove the link between non-interacting and interacting Green’s functions. It was also used by Landau to formulate
his theory of interacting Fermi liquids. It basically consists on the addition of a coupling constant λ multiplying the
interaction; when this constant is increased slowly, the interaction is ”turned on” adiabatically.
In DFT the procedure is similar but with an additional requirement so that as λ increases, the density is held

constant. Due to the Hohenber-Kohn theorem, this implies that the external potential shall also depend on λ. As
the density is fixed, we have that vλ=0(r) = vs(r) and vλ=1(r) = v(r). This gives an interpolation between the KS
system and the true MB system.
According to the Hellman-Feynmann theorem,

EXC[n] =

∫ 1

0

dλUXC(λ)[n] (72)

where Uλ
XC

[n] is the potential XC energy at coupling constant λ and UXC(λ) = Uλ
XC
/λ is the adiabatic connection

integrand. This is equivalent to,

dEXC(λU,∆n)

dλ
=
UXC(λU,∆n)

λ
(73)

Note that Eλ
X
= λEX, so that

EXC[n] = Ex[n] +

∫ 1

0

dλUC(λ)[n] (74)
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where

UC(λU) = Vee(λU)− λ(UH(U)− EX(U)). (75)

For small λ and finite systems,

Uλ
C
= λ2U

(2)
C + λ3U

(3)
C + ... (λ→ 0) (76)

The area under the adiabatic connection curve is the XC energy, and the curve goes to EX as λ→ 0 and its slope at

λ = 0 is U
(2)
C . This value can be extracted via Goerling-Levy perturbation theory. Once UC is known, one can deduce

TC, the kinetic contribution to correlation, via

TC = EC − UC = T − TS. (77)

Thus, we can extract TC solely from our knowledge of EC(U) via

TC = EC − dEλ
C

dλ

∣

∣

∣

∣

λ=1

. (78)

Thus, any exact or approximate formula for EC yields a corresponding result for TC and UC. This is how we will find
the predictions for TC from our interpolation formula for EC. By applying the usual logic of DFT [25], we can easily
show ,

dUXC(λ)

dλ
< 0 (79)

from known inequalities for TC(λ) and EC(λ). We may write

EXC(U,∆n) =

∫ 1

0

dλ
dEXC(λU,∆n)

dλ
, (80)

and this is the infamous adiabatic connection formula of DFT. Plots of the integrand in Eq. (80) are called adiabatic
connection plots, and can be used to better understand the functional. We will find the correlation energies as a
function of λ. We define the family of Hamiltonians

Ĥλ = 2 v̄λ − ∆vλ
2

∆n̂− t
∑

σ

(ĉ†1σ ĉ2σ + ĉ†2σ ĉ1σ) + λU
∑

i

n̂i,↑ n̂i,↓

(81)

where ∆vλ=1 = ∆v and v̄λ=1 = 0. As a consequence, Ĥλ=1 corresponds to the pristine MB hamiltonian. Furthermore,
as stated we adjust ∆vλ by requesting that ∆nλ = ∆n. Hence Ĥλ=0 corresponds to the KS hamiltonian. The
Hamiltonians are expressed in matrix form as

Ĥλ =







−∆vλ + λU −t t 0
−t 0 0 −t
t 0 0 t
0 −t t ∆vλ + λU






(82)

We diagonalize Ĥλ. The ground eigenstate and eigenenergy are:

Eλ
0 =

2

3
λU − 2 rλ

3
sin (θλ +

π

6
) (83)

|ψλ
0 〉 = ((β+

0 )λ, αλ
0 , −αλ

0 , (β
−
0 )λ)†

(84)

where rλ and θλ are obvious generalizations of the expressions given in Section 2A2,

rλ =
√

(λU)2 + 3 (4 t2 +∆v2λ) (85)

yλ = 9 (∆v2λ − 2 t2)− (λU)
2

(86)

θλ =
1

3
acos

(

λU yλ
(rλ)3

)

(87)
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The ground state occupation difference is given by

∆nλ

2
=

2∆vλ (λU − Eλ
0 )

(

(∆vλ)2 + (Eλ
0 − λU)2 (1 + (2 t/Eλ

0 )
2)
) (88)

We adjust ∆vλ such that ∆nλ = ∆n. We have to solve this non-linear equation numerically because Eλ
0 is itself

a non-linear function of ∆vλ. However, for the weak and the strong coupling it is possible to obtain simplified
expressions:

∆vweak
λ = ∆v +

(4 t2 +∆v2)∆v U (1− λ)

λU (4 t2 − 3∆v2)− (4 t2 +∆v2)3/2
(89)

∆vstrongλ = λ3 ∆v (90)

The expectation value of the kinetic energy is:

Tλ =
4 t
(

Eλ
0 − λU

)2

Eλ
0

[

∆v2λ + (Eλ
0 − λU)2 (1 + (2 t/Eλ

0 )
2)
]

Tλ
c = Tλ − Ts (91)

On the other hand, the Hartree contribution is

Uλ
H = λUH = λU (1 +

∆n2

4
) (92)

We turn now to the correlation terms. We compute

〈ψλ
0 |V̂ee|ψλ

0 〉 =
U
[

(Eλ
0 − λU)2 + (∆vλ)

2
]

(∆vλ)2 + (Eλ
0 − λU)2 (1 + (2 t/Eλ

0 )
2)

= UH + Ex +
Uλ
c

λ
(93)

from which

Uc(λ) = 〈ψλ
0 |V̂ee|ψλ

0 〉 − UH − Ex =
Uλ
c

λ
(94)

Eλ
c = Tλ

c + Uλ
c (95)

The Fig. 14 shows the value of Uxc(λ) as a function of λ for U = 2, 2 t = 1 and several ∆v. It is known that the area
between the x-axis and Uxc(λ) shall be equal to Exc, which is the case in the figure. We also find that Uxc(λ = 0) = Ex

in all cases, and that Uxc(λ = 1) = Uxc. Finally, we have found that the area between the curve and an horizontal
line drawn through the value at λ = 1 is equal to Tc.

In Fig. 15 we plot the adiabatic integrand Uc(λ)[n] for the asymmetic Hubbard dimer for a wide range of values
of U and ∆v = 0 and 2. For weakly correlated systems, we find an almost linear curve. In this case, Goerling-
Levy perturbation theory applies, and the higher contributions fall off rapidly. If the curve were exactly linear, then
Tc = −Ec = −Uc/2 exactly. On the other hand, for large U , the curve saturates rapidly. This is characteristic of

strong correlation, we can find it in a stretched H2 molecule[26]. The rapid dive is caused by a large value of U
(2)
c ,

which is related to the small gap. As we saw in the previous section, Tc << |Ec|, and we can call this strong static
correlation, i.e. the fraction of Ec that is kinetic is much smaller than in weakly correlated systems. This kind of
analysis is similar to that showing that hybrid approximations work by building the effects of static correlation into
GGA’s[27]. Fig. 15 indicate that the strongly-correlated regime starts for sizable values of U at half-filling.

5. PARAMETRIZED FUNCTIONAL FOR THE INTERACTING HUBBARD DIMER

Although a full algebraic solution is not possible, we have devised a method to approximate the exact functional by
interpolating the exact algebraic results in some limits: the symmetric (∆n = 0) and asymmetric (∆n→ ±2) limits,
and the weak and strong coupling limits. First we calculate the expectation value of the hamiltonian with respect to
a general wavefunction that is itself a functional of ∆n and U ,

|ψ[∆n,U ]〉 = α (|12〉+ |21〉) + β+ |11〉+ β− |22〉 (96)
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FIG. 14: UXC(λ) for Hubbard dimer with U = 2, 2 t = 1 and several ∆v.

FIG. 15: Uc(λ) for Hubbard dimer for ∆v = 2 and ∆v = 0 (dashed), and 2 t = 1 for several values of U .

If the expactation value of the external potential is not considered, we have a general expression of the functional in
terms of the wavefunction coefficients,

F = −4 t α (β+ + β−)
︸ ︷︷ ︸

T

+U ((β+)2 + (β−)2)
︸ ︷︷ ︸

Vee

(97)

The first term corresponds to the kinetic energy while the second to the interaction term. The coefficients are fixed
by normalizing the wave function and taking into account that the expectation value of ∆n verifies

ρ = (β+)2 − (β−)2 (98)

where we have defined ρ = ∆n/2. This leaves a single free parameter that must be obtained by minimization. There
exist several possible choices for the free parameter. If we choose g = α (β+ + β−) which corresponds to the hopping
energy term, then after some algebra the functional can be written as,

F [U, ρ, g] = −4 t g
︸ ︷︷ ︸

T

+U
2 g2 (1−

√

1− 4 g2 − ρ2) + ρ2

4 g2 + ρ2
︸ ︷︷ ︸

Vee

(99)

Minimizing F with respect to g we obtain a sextic equation that has to be obeyed by g:

p(g) = 16 (4+u2) g6+16 (−1+ρ2 (3+u2)) g4+16u ρ2 g3+4 ρ2 (−(2+u2)+ρ2 (3+u2)) g2−4u ρ2 (1−ρ2) g−ρ4 (1−ρ2) = 0
(100)
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a1 a2 b1 b2
1

2
(1 + ρ)4

√

1−ρ

2ρ
1

2
(1− ρ)(1 + ρ)3 (1 + ρ)3

√

2ρ(1− ρ) (1− ρ) (1 + ρ)3

TABLE I: Coefficients for gpar.

where we remind that u = U/2 t. If on the other hand we choose the parameter f = (β+)2+(β−)2, which corresponds
to the electron-electron interaction, then the F−functional can be written as

F [U, ρ, f ] = −2 t
√

1− f
(

√

f + ρ+
√

f − ρ
)

+ U f (101)

As before, the exact functional is found by minimizing the above expression with respect to parameter f ; this yields
the condition,

p(f) = p0(f) + u2 p2(f) + u4 p4(f) = 0 (102)

where,

p0(f) = ρ2
(

f − 1 + ρ2

2

)2

(103)

p2(f) = (f − 1) (f − ρ) (f + ρ)
(

2 ρ2 + f (1− 3 ρ2)− 4 f2 + 4 f3
)

p4(f) = (f − 1)2 (f − ρ)
2
(f + ρ)

2

that we solve numerically. However, equations (100) and (102) can not be solved analytically except in the limits
u→ 0 and u→ ∞, and ρ→ 0 and ρ→ 1. We can however find the expansion of both parameters around these limits
which also correspond to the hopping and electron-electron interaction limiting expressions. We can now write the
functional and the correlation energy as,

F/2 t = −2 g + u f

Ec = Tc + Uc

Tc/2 t = −2 g +
√

1− ρ2

Uc/2 t = u

(

f − 1

2
(1 + ρ2)

)

(104)

The different limits are given in appendix D. Indeed, using the limits u → 0 and u → ∞ and interpolating between
them we can make an initial guess for the expression of the parameter g that we will label hereafter gpar, as

gpar =

√

(1− ρ) (1 + ρ (1 + a1 u+ a2 u2))

4 + b1 u+ b2 u2
(105)

The coefficients ai and bi are functions of ρ adjusted so that gpar is exact in the four limits u = 0, u → ∞, ρ = 0
and ρ→ 1. Furthermore, the coefficients also make gpar exact in the first few terms of the weak and strong coupling
limit, and the asymmetric limit. Those are given in Table I.

Substituting gpar with the coffecients of Table I into (99) we obtain the parameterized functional Fpar. The
expression for the parameterized correlation energy is just

Ec,par = Fpar − Ts − UH − Ex. (106)

where we remind that

Ts = −2 t
√

1− ρ2 (107)

UH + Ex =
U

2
(1 + ρ2) (108)

The parametrization already yields very good results, with errors in Ec lower than 2%. However we have found a way
to improve these results. We will see how this can be achieved below. The kinetic and the potential correlation are



44

just given by,

T (1)
c = T − Ts = −4 t g + 2 t

√

1− ρ2 (109)

U (1)
c = Vee − UH − Ex (110)

= U
2 g2 (1−

√

1− 4 g2 − ρ2) + ρ2

4 g2 + ρ2
− U

2
(1 + ρ2)

On the other hand, following (78) and (73), the kinetic and potential correlation can also be defined as,

T (2)
c = Ec −

dEc(λ)

dλ

∣

∣

∣

∣

λ=1

(111)

U (2)
c =

dEc(λ)

dλ

∣

∣

∣

∣

λ=1

(112)

This may be expressed in terms of the parameter taking into account that it is also a function of U and ρ, g = g(U, ρ)
and so we have to apply the chain rule to the derivative,

dEc(λ)

dλ

∣

∣

∣

∣

λ=1

=

(

∂Ec(λ)

∂λ
+
∂Ec(λ)

∂g(λ)

∂g(λ)

∂λ

)
∣

∣

∣

∣

λ=1

(113)

We have checked numerically that the second term on the right hand side of Eq. (113) is always zero for the exact
g. Indeed ∂g(λ)/∂λ|λ=1 = 0 when U = 0 and ∂Ec(λ)/∂g(λ)|λ=1 = 0 when U > 0. This condition is in fact a
consequence of the restriction imposed on the exact g so that F is minimized with respect to that, so

∂F

∂g
=
∂Ec

∂g
= 0 (114)

The last equality arises because Ts, UH and Ex do not depend explicitly on g. This yields Eq. (100) for g. This
condition also has to be true for F (λ), Ec(λ) and g(λ) as we have verified numerically. The only explicit λ terms in
Ec(λ) are

Vee(λ)− UH(λ)− Ex(λ) =

= λU

(

2 g2 (1−
√

1− 4 g2 − ρ2) + ρ2

4 g2 + ρ2
− 1

2
(1 + ρ2)

)

Thus it is fulfilled,

U (2)
c =

dEc(λ)

dλ

∣

∣

∣

∣

λ=1

=
∂Ec(λ)

∂λ

∣

∣

∣

∣

λ=1

= U (1)
c (115)

and therefore

T (1)
c = T (2)

c (116)

However for gpar we have ∂Ec,par(λ)/∂gpar(λ)|λ=1 6= 0 and the equality is not exactly fulfilled. A good parametrization
should yield a value as close as possible to zero so this could be a good indicator of the accuracy of the approximation.
We could then redefine the parameter by imposing this restriction. If we equate the expressions for Tc we have,

T (2)
c,par = T (1)

c,par −
∂E

(1)
c,par(λ)

∂gpar(λ)

∂gpar(λ)

∂λ

∣

∣

∣

∣

∣

λ=1

(117)

with

E(1)
c,par = T (1)

c,par + U (1)
c,par (118)

Thus, we can define a new g̃par given by,

g̃par = gpar +
1

4 t

∂E
(1)
c,par(λ)

∂gpar(λ)

∂gpar(λ)

∂λ

∣

∣

∣

∣

∣

λ=1

(119)
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FIG. 16: Eexact
c /U (blue solid line) and Epar

c /U (red dashed line) for different U and 2 t = 1.

where,

∂E
(1)
c,par(λ)

∂gpar(λ)

∣

∣

∣

∣

∣

λ=1

=
∂T

(1)
c,par(λ)

∂gpar(λ)

∣

∣

∣

∣

∣

λ=1

+
∂U

(1)
c,par(λ)

∂gpar(λ)

∣

∣

∣

∣

∣

λ=1

(120)

∂T
(1)
c,par(λ)

∂gpar(λ)

∣

∣

∣

∣

∣

λ=1

= −4 t (121)

∂U
(1)
c,par(λ)

∂gpar(λ)

∣

∣

∣

∣

∣

λ=1

= 8 t gpar u
2 g2par (4 g

2
par + 3 ρ2)− ρ2 (1− ρ2 +

√

1− 4 g2par − ρ2)

(4 g2par + ρ2)2
√

1− 4 g2par − ρ2
(122)

∂gpar(λ)

∂λ

∣

∣

∣

∣

λ=1

=
u(1− ρ)[4 ρ(a1 + 2a2u)− b1(1 + ρ− a2u

2ρ)− b2u(2 + 2ρ+ a1uρ)]

2gpar(4 + b1u+ b2u2)2
(123)

The new Fpar is then obtained by using g = g̃par in Eq. (99) and the new Ec,par is derived applying Eq. (106). Again

we have that for the new g̃par there is not exact matching between T
(1)
c,par and T

(2)
c,par, and the same happens with

U
(1)
c,par and U

(2)
c,par. However, the error related with g̃par is much lower. Comparing the relative errors (Ec −Ec,par)/U

we have that using g̃par the maximum error is reduced in almost two orders of magnitude (from 2× 10−3 to 5× 10−5)
in the region U ≈ 2− 6, ∆n ≈ 0.25, where the largest error with gpar is located. The other regions are also improved.
For (Tc − Tc,par)/U and (Uc − Uc,par)/U the reduction is just of one order of magnitude (going from 2 × 10−2 to

2× 10−3 for the maximum error), with different sign, so there is an error cancellation that yields the larger reduction
of the Ec error.
It is possible that if the method described is used iteratively, the parameter may be further corrected towards the

exact.
To test the validity of our parametrization, we use it in the KS scheme to calculate the correlation energy of our

Hubbard dimer self-consistently. If our parametrization were perfect, we would recover the exact densities and energies
from our KS calculation without having to solve the MB problem. We then minimize the exact and interpolated energy
functionals

Epar = Ts + UH + Ex + Ec,par −
∆v∆n

2
(124)

with respect to ∆n to find the ground state energy and density E0 and ∆n as a function of ∆v. These are plotted in
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FIG. 17: (Eexact
c − Epar

c )/U for different U and 2 t = 1.

FIG. 18: Top row: Error in the ground state density as a function of ∆v for U = 0.2, 1, 5, and 2 t = 1. Bottom row: Error in
the ground state energy as a function of ∆v.

Figs. 18 and ??, together with the absolute errors committed by the parametric functional. Notice that the results
obtained from the parametric functional are indistinguishable from the exact results.

6. CONCLUSIONS

The work presented in this chapter may be understood as a possibly ingenuous attempt to link the MB and DFT
worlds. The very first objective of this attempt is to find alternative ways to improve the description of correlations
in DFT. The price we have to pay at this respect is that we are limited to study simple models, as is the case of the
asymmetric Hubbard dimer, if we want to find algebraic expressions to be analyzed. Evenmore, it is not clear at all
how can be extrapolated, if possible, the conclusions obtained for lattice models to the real-space world.
Although there exist in the literature several studies covering the symmetric Hubbard model using SOFT theory, we

have seen that the introduction of asymmetric on-site potentials allows to visualize the relation between the external
potential and the site occupations as stablished in the KS theorem.
The comparison between the SOFT approximation with others commonly used such as MF or BALDA has shown

that the first may yield results much closer to the exact ones. However, the performance of the SOFT approximation
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is strongly related with the definition of an accurate functional which we have seen is not a trivial task even in the
case of the seemingly simple Hubbard dimer. In particular, it is not difficult to find the limits of the functional for
the different regimes (strong and weak coupling, symmetric and asymmetric occupations); the problem is to find
a link between the four limits that gives acceptable errors. At this respect, we have found a way to improve any
approximated functional by using the adiabatic connection whenever there is a known relation between the kinetic
and the potential correlation energies. We believe that this method is valid for any approximated functional even in
real-space and could be used to improve their accuracy in one-two orders of magnitude. The drawback is that such
relation between the kinetic and the interaction potential energies is not easy to know.
An interesting point we have identified is that a large asymmetry may in some way compensate the correlation

effects. We have found that in this limit, known as Charge-Transfer regime, all the approximations analyzed (SOFT,
MF and BALDA) behaved well irrespective of the value of the parameter U whenever it is lower than ∆v. A very
different situation is found in the opposite limit, the Mott-Hubbard regime, where the correlations are dominant and
the errors grow. Here also enters the derivative discontinuity of the correlation energy, which appears at half-filling
for strong correlations. This discontinuity is different from that related with the fundamental gap located at integer
particle numbers and that we will find in the next chapter. In our case the effect on the discontinuity is to produce
an abrupt change on the occupation ∆n even for a fixed particle number. If we want an approximated functional
able to describe correctly the dissociation of a molecule, this must be able to capture the effects of the discontinuity.
We have seen how the UMF and BALDA solutions produce much better estimations of the ground state energy than
RMF because they are able to capture (or at least approximate) the effect of this discontinuity.

Even if the extrapolation of the results obtained to real-space might be not so clear, the works carried out have
a second objective, maybe not so important as the first, but very useful in any case. This relies on the pedagogical
character of our developments as they have allowed us to apply step by step the SOFT description to a system with
correlations, from the determination of the functional and the xc energy up to the final derivation of the KS potentials
to build the KS hamiltonian. The results obtained are easily derived, at least numerically, and yield an opportunity
to see DFT working at full power.
However in this chapter we have not considered at any moment important topics such as the accuracy of the

estimation of the real gap, the role of the derivative discontinuity or of the quasi-particle excitation spectrum which
are indeed crucial aspects if we want to have a significant approximation to the real world. These questions require
to consider fractional occupations as we have done in the previous chapter for the symmetric Anderson and Hubbard
dimers. In the next chaper we will extend our studies on these topics including the asymmetry of the on-site potential.

APPENDIX A: WEAK AND STRONG COUPLING LIMITS OF THE TWO-SITE ASYMMETRIC

HUBBARD MODEL WITH N = 2

Here we show the expressions for the ground state and excited energies as well as the external potential, kinetic
and interacting energies for the different coupling limits.
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1. Weak coupling

We define r0 =

√

1 +
(

∆v
2 t

)2
.

θ =
π

6
+

2 t2 −∆v2

8
√
3 t3 r30

U (A1)

E0 = −2 t r0 +
2 t2 +∆v2

4 t2 +∆v2
U − t2 +∆v2

16 t3 r50
U2 (A2)

E1 =
U

r20
(A3)

E2 = 2 t r0 +
2 t2 +∆v2

4 t2 +∆v2
U (A4)

∆n =
∆v

t r0
− ∆v U

2 t2 r40
− 3∆v (∆v2 − t2)U2

32 t5 r70
(A5)

Vext = − ∆v2

2 t r0
+

∆v2 U

4 t2 r40
+

3∆v2 (∆v2 − t2)U2

32 t4 r70
(A6)

T = −2 t

r0
− ∆v2 U

4 t2 r40
+

(2 t4 + 4 t2 ∆v2 −∆v4)U2

32 t5 r70
(A7)

Vee =
(2 t2 +∆v2)U

4 t2 r20
− (∆v2 + t2)U2

8 t3 r50
(A8)

2. Strong coupling

θ =
π

3
−
√
3

(

∆v

U
+

2 t4 −∆v2 (8 t2 +∆v2)

∆v U3

)

(A9)

E0 = −4 t2

U
+

4 t2
(

4 t2 −∆v2
)

U3
(A10)

E1 = U −∆v +
2 t2

U
+

(

∆v − t2

∆v

)

2 t2

U2
(A11)

E2 = U +∆v +
2 t2

U
−
(

∆v − t2

∆v

)

2 t2

U2
(A12)

∆n =
16 t2 ∆v

U3
(A13)

Vext = −8 t2 ∆v2

U3
(A14)

T = −8 t2

U
+

8 t2
(

8 t2 −∆v2
)

U3
(A15)

Vee =
4 t2

U
− 12 t2 (4 t2 −∆v2)

U3
(A16)
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APPENDIX B: REESCALED EXPRESSIONS

In this appendix are shown the reescaled expressions for the external potential, kinetic, interaction and ground
state energies in which the scaling parameter is given by η = ∆v/U .

∆n = −4E2
u η (1− Eu)

C
(B1)

Vext/U = −2E2
u η

2 (Eu − 1)

C
(B2)

T ∗ U =
8 t2 Eu (Eu − 1)2

C
(B3)

Vee/U =
E2

u

[

(Eu − 1)2 + η2
]

C
(B4)

with

C =

(

4 t2

U2
+ E2

u

)

(Eu − 1)2 + η2 E2
u (B5)

Eu =
E0

U
=

2

3
− 2 ru

3
sin(θ +

π

6
) (B6)

ru =

√

3

(

4 t2

U2
+ η2

)

+ 1 (B7)

y = 9
(

η2 U2 − 2 t2
)

− U2 (B8)

θ = 1/3 arccos

(

y U4

r3u

)

(B9)

However, note that the scaling is not perfect because there are left-over terms depending on U . Different views of
the rescaled magnitudes are plotted in Figs. 19 to 21, to check whether there exist two physical regimes separated by
η = 1.

1. Limits of the ground state rescaled magnitudes

a. Strong coupling limit and η << 1

This limit is equivalent to the strong coupling limit of previous section (Eq. A9-Eq. A16), rewritten as,

θ =
π

3
−
√
3

(

η +
2 t4 − U2 η2 (8 t2 + U2 η2)

η U4

)

(B10)

Eu = −4 t2
(

1 + η2
)

U2
+

16 t4

U4
(B11)

∆n/η =
16 t2

U2
(B12)

Vext/U η2 = −8 t2

U2
(B13)

T ∗ U = −8 t2 (1 + η2) +
64 t4

U2
(B14)

Vee/U =
4 t2

(

1 + 3 η2
)

U2
− 48 t4

U4
(B15)
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FIG. 19: Evolution of (a) E0/U , (b) ∆n/η, (c) Vext/U η2, (d) T ∗U/(2 t)2 and (e) Vee/U as a function of η = ∆v/U for several
u = U/2 t.

FIG. 20: Evolution of (a) E0/U , (b) ∆n and (c) T/2 t as a function of η = ∆v/U for several u = U/2 t.
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FIG. 21: Evolution of (a) E0/U , (b) η and (c) T/2 t as a function of ∆n for several u = U/2 t.

b. η >> 1 (and any U)

θ =
π

6
− 1√

3 η
(B16)

Eu = (1− η)− 2 t2 (1 + η)

U2 η2
(B17)

∆n/η =
2

η
− 4 t2

U2 η3
(B18)

Vext/U η2 = −1

η
+

4 t2 (2 + η)

U2 η4
(B19)

T ∗ U = −4 t2 (1 + η)

η2
(B20)

Vee/U = 1− 2 t2

u2 η2
(B21)

c. U and η << 1

θ =
π

6
+

U

4 t
√
3

(B22)

Eu = −2 t

U
+

1

2
− U

1 + 4 η2

16 t
(B23)

∆n/η =
U (4 t2 − U2)

4 t3
(B24)

Vext/U η2 = − U

2 t
(B25)

T ∗ U = −2 t U + U3 1 + 4 η2

16 t
(B26)

Vee/U =
1

2

(

1− U

4 t

)

(B27)
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APPENDIX C: CONNECTION BETWEEN HUBBARD AND REAL-SPACE HAMILTONIAN

PARAMETERS

The relationship between the tight binding parameters and the expectation values of the different terms of the
real-space hamiltonian can be easily written up. For simplicity we will not consider electron-electron interactions for
this comparison, so that the real-space hamiltonian is given by

Ĥ =
p2

2m
+ V (r −R1) + V (r −R2) =

p2

2m
+ V1(r) + V2(r)

The tight binding parameters are given for this model by,

v1 = 〈φ1|Ĥ|φ1〉 = 〈φ1|
p2

2m
|φ1〉+ 〈φ1|V1(r) + V2(r)|φ1〉

= T1 + V1

v2 = 〈φ2|Ĥ|φ2〉 = 〈φ2|
p2

2m
|φ2〉+ 〈φ2|V1(r) + V2(r)|φ2〉

= T2 + V2

−t = 〈φ1|Ĥ|φ2〉 = 〈φ1|
p2

2m
|φ2〉+ 〈φ1|V1(r) + V2(r)|φ2〉

= T12 + V12

where |φi〉 denote single-particle wavefunctions localized in site i. This leaves three equations with six unknown
variables, so it is not possible to derive the kinetic and potential energy terms of the system from the tight binding
parameters. We also see that the parameters are indeed sums of kinetic and potential expectation values of the
original system, mixing both contributions.

APPENDIX D: ASYMPTOTIC EXPRESSIONS OF THE EXACT FUNCTIONAL AND CORRELATION

ENERGY AT DIFFERENT LIMITS

In this appendix we will devise the asymptotic expressions for the exact functional in the weak and strong coupling
limits and also in the symmetric and asymmetric limits. For simplicity, we will consider only the region ∆n > 0. All
the expressions obtained are valid in the full range of occupations just by considering |∆n| instead of ∆n.
Following the derivations in the main text, we remind here that the functional can be written in terms of one

parameter. We have made two options which yield,

F [U, ρ, g] = −4 t g + U
2 g2 (1−

√

1− 4 g2 − ρ2) + ρ2

4 g2 + ρ2
(D1)

F [U, ρ, f ] = −2 t
√

1− f
(

√

f + ρ+
√

f − ρ
)

+ U f (D2)

where we have used the reduced notation ρ = ∆n/2. We will also make use of u = U/2 t.
Minimizing with respect g and f respectively, we can find the parameters that yield the exact functional. This

lead us two polynomial equations that can hardly be solved analitically. However it is always possible to find out the
asymptotic expression in the different limits, as we show below.

1. Weak-coupling limit U ≪ t

This limit corresponds to u ≪ 1. We thus expand g(ρ, u) and f(ρ, u) in powers of u,

g(ρ, u) =
∑

n

an(ρ)u
n (D3)

f(ρ, u) =
∑

n

bn(ρ)u
n (D4)
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and insert the expansion into Eq. (100) and (102) respectively. The coefficients an and bn are found by canceling
each term order by order in the series expansion of p(g) and p(f). We find

g ≈
√

1− ρ2

2
− u2

16
(1− ρ2)5/2

+
u3

8
ρ2 (1− ρ2)3

+
3u4

256
(1− ρ2)7/2 (1 + 7 ρ2 − 24 ρ4) (D5)

f ≈ 1

2

(

1 + ρ2
)

− u

4
(1− ρ2)5/2

+
3u2

8
ρ2
(

1− ρ2
)3

+
u3

32

(

1− ρ2
)7/2

(1 + 7 ρ2 − 24 ρ4) (D6)

Using (104) can be obtained Tc, Uc and Ec. The last is given by,

Ec/2 t ≈ −u2

8
(1− ρ2)5/2 +

u3

8
ρ2 (1− ρ2)3

+
u4

128
(1− ρ2)7/2 (1 + 7 ρ2 − 24 ρ4) (D7)

Notice that n1,2 = 1± ρ so that the kinetic and the first-order-in-U terms are

− 2 t
√
n1 n2 = −2 t

√

1− ρ2 (D8)

U

4
(n2

1 + n2
2) =

U

2

(

1 + ρ2
)

(D9)

2. Strong-coupling limit U ≫ t

We expand g and f in powers of 1/u

g(ρ, u) =
∑

n

an(ρ)u
−n (D10)

f(ρ, u) =
∑

n

bn(ρ)u
−n (D11)

and substitute back into Eq. (100) and (102) respectively to find the coefficients. The result is

g ≈
√

ρ

2
(1− ρ) +

1− ρ

4u

−3 (3 ρ− 1)

16u2

√

1− ρ

2 ρ
(D12)

f ≈ ρ+
1− ρ

4u2

± (3 ρ− 1)

8 (3 ρ− 1)u3

√

2 (1− ρ)

ρ

+
3

32u4

1− 8 ρ+ 11 ρ2

ρ
(D13)

Notice that these expansions breaks down at the symmetric limit ρ = 0.
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Using (104), the correlation energy is just,

Ec/2 t ≈ −u

2
(1− ρ)2 +

√

1− ρ (
√

1 + ρ−
√

2 ρ)

−1− ρ

4u
+

3 ρ− 1

4u2

√

1− ρ

2 ρ
(D14)

3. Asymmetric limit, ∆n ≈ 2.

This limit is equivalent to ρ → 1. We expand g and f in powers of 1− ρ

g(ρ, u) =
∑

n

an(u) (1− ρ)n (D15)

f(ρ, u) =
∑

n

bn(u) (1− ρ)n (D16)

and substitute back into Eq. (100) and (102). The result is

g ≈
√

1− ρ

2
− (1− ρ)3/2

4
√
2

−
(

1

16
+ u2

)

(1− ρ)5/2

2
√
2

+u3 (1− ρ)3 (D17)

f ≈ ρ+
1

2
(1− ρ)2 −

√
2u (1− ρ)5/2

+3u2 (1− ρ)3

+
u

2
√
2

(

−5 + 16u2
)

(1− ρ)7/2 (D18)

Using (104), the correlation energy is,

Ec/2 t ≈ − 3√
2
u2 (1− ρ)5/2 + u3 (1− ρ)3 (D19)

4. Symmetric limit, ∆n ≈ 0

This limit is equivalent to ρ → 0. We expand g and f in powers of ρ.

g(ρ, u) =
∑

n

an(u) ρ
n (D20)

f(ρ, u) =
∑

n

bn(u) ρ
n (D21)

and substitute back into Eq. (100) and (102) to find the coefficients. The result is

g ≈ 1

r
+

1

4

(

u2 +
u2 (u2 + 2)− 4

2 r

)

ρ2 (D22)

f ≈ r − u

2 r
+

(2 r + u) (r + u)

4 r (r − u)
ρ2 (D23)

where r =
√
4 + u2.

Using (104), the correlation energy is,

Ec/2 t ≈ 1− r

2
(D24)

+
2 r (1 + u2) (3u− 1) + u2 (18 + 5u2) + 4

4 r
ρ2
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APPENDIX E: SOLUTION OF THE MODEL IN THE PARTICLE SUB-SPACE N = 1

Here we can set Vee = 0 and assume that the system contains a spin-up electron. The occupation space is 2
dimensional, just sites 1 or 2, so the basis set is |10〉 and |01〉. In this basis

ĥ =

(

−∆v/2 −t
−t ∆v/2

)

(E1)

The ground state energy and wave-functions are

E0 = = −1

2

√

4 t2 +∆v2 (E2)

|φ0〉 =

(

cosα
sinα

)

(E3)

where tanα = (
√
4 t2 +∆v2 −∆v)/2 t. Then the ground state expectation values of the different magnitudes are

∆n0 = (cosα sinα)

(

1 0
0 −1

)(

cosα
sinα

)

=
∆v√

4 t2 +∆v2

T0 = (cosα sinα)

(

0 −t
−t 0

)(

cosα
sinα

)

= − 2 t2√
4 t2 +∆v2

Vext,0 = −∆v∆n0

2
= − ∆v2

2
√
4 t2 +∆v2

(E4)

To define the density functional, we replace ∆n0 by ∆n and solve for ∆v in terms of ∆n,

∆v =
2 t∆n√
1−∆n2

(E5)

Then T plays the role of the F-density functional

T [∆n] = −t
√

1−∆n2 (E6)

Vext[∆n] = −∆v∆n

2
(E7)

We now minimize the energy functional E [∆n] = Vext + T with respect to ∆n for fixed ∆v, finding that

∆n0 =
∆v√

4 t2 +∆v2
(E8)

Replacing this value back into E [∆n], we find

E0 = −1

2

√

4 t2 +∆v2 (E9)

APPENDIX F: REDEFINITION OF THE HARTREE AND EXCHANGE TERMS IN SOFT FOR THE

HUBBARD DIMER

In this appendix we show how we have to redefine the Hartree and exchange energies in SOFT for the Hubbard
dimer [28] in order to achieve the usual relation,

Ex = −UH

2
(F1)

The origin of the problem comes from the fact that the MB Hubbard hamiltonian does not incorporate any exchange
term by definition. We can see this if we rewrite the interaction term of the hamiltonian as

V̂ee = U
∑

i

c†i↑ c
†
i↓ ci↓ ci↑ (F2)
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In the MF approximation the four operators in the interaction term are paired as follows:

D̂ = 〈ĉ†↑ĉ↑〉 ĉ
†
↓ĉ↓ + ĉ†↑ĉ↑ 〈ĉ

†
↓ĉ↓〉 − 〈ĉ†↑ĉ↑〉 〈ĉ

†
↓ĉ↓〉

= n↑ n̂↓ + n↓ n̂↑ − n↑ n↓

Ê = − 〈ĉ†↑ĉ↓〉 ĉ
†
↓ĉ↑ − ĉ†↓ĉ↑ 〈ĉ

†
↑ĉ↓〉+ 〈ĉ†↑ĉ↓〉 〈ĉ

†
↓ĉ↑〉

D̂ is the Hartree term while Ê is non-zero if non-collinear magnetism is allowed. The exchange or Fock term requires
all the spins to be equal, and hence demands off-site Coulomb interactions of the type

V̂ee = U
∑

i,σ

c†iσ c
†
jσ cjσ ciσ (F3)

which are absent in the model. As a consequence, Ex = 0. We can instead redefine the electron-electron repulsion as,

V̂ee =
U

2

∑

i

(n̂2
i − n̂2

i↑ − n̂2
i↓) (F4)

Then we have a first term that depends only on the total density, as in the case of the Hartree in real-space DFT,
and a second and third terms that cancel the self-interaction resulting from the use of the total density. Then this
yields a new definition of the Hartree and the exchange energies,

UH =
U

2
(n2

1 + n2
2) = U

(

1 +

(

∆n

2

)2
)

(F5)

Ex = −U

4
(n2

1 + n2
2) = −U

2

(

1 +

(

∆n

2

)2
)

(F6)

We are using these definitions along this chapter for the DFT system.

APPENDIX G: MEAN-FIELD DERIVATION

The MF hamiltonian for the Hubbard dimer can be written in the number basis |1σ, 2σ〉 as follows

ĤMF
σ =

(

v1 + U n1−σ −t
−t v2 + U n2−σ

)

(G1)

=

(

−∆v
2 + U

4 (2N−σ +∆n− σ∆m) −t
−t ∆v

2 + U
4 (2N−σ −∆n+ σ∆m)

)

(G2)

with σ = 1 for spin up and σ = −1 for spin down, and Nσ = n1σ + n2σ. also remind that ∆n = n1 − n2 and
∆m = m1 − m2. Setting M = m1 + m2 and N = n1 + n2 as the total magnetization and particle number of the
system, the eigenvalues are

eMF
±,σ =

U

4
(N − σM)± R−σ

2
(G3)

Rσ =
√

Γ2
σ + 4 t2

Γσ = ∆v − U

2
(∆n+ σ∆m)

The total energy of the system

EFM = e−,↑ + e+,↑ − UH (G4)

EAFM = e−,↑ + e−,↓ − UH (G5)

where the Hartree term is written as

UH =
U

4
(n1 ↑ n1 ↓ + n2 ↑ n2 ↓)

=
U

8

(

N2 −M2 +∆n2 −∆m2
)

(G6)
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Depending on whether EAFM is larger or smaller than EFM , the ground state of the system may be ferromagnetic
(N = 2, |M | = 2) or antiferromagnetic (N = 2, M = 0, |∆m| ≥ 0). The paramagnetic state is a specific case of the
AFM state with ∆m = 0. Explicitly, for the ferromagnetic state we have the eigenstate energies and self-consistency
equations

∆n = ∆m =
∆v√

4 t2 +∆v2
(G7)

e∓,↑ = ∓
√
4 t2 +∆v2

2
(G8)

On the other hand, the M = 0 state (|∆m| > 0 is AFM, ∆m = 0 is PM) corresponds to the eigenvalues,

e−,↑ =
U −R↓

2
(G9)

e−,↓ =
U −R↑

2
(G10)

and self-consistency equations

∆n =
Γ↑

R↑
+

Γ↓

R↓
(G11)

∆m =
Γ↑

R↑
− Γ↓

R↓
(G12)

and the expressions for Γσ and Rσ are given in (G3). The self-consistency procedure needs to be carried out numerically
in this case.
The total energy can also be writen as,

EAFM,PM =
U

2
(1− ∆n2 −∆m2

4
)− R↑ +R↓

2
(G13)

In the PM case, the expressions can be simplified to give

∆n =
2∆v − U ∆n

√

(

∆v − U
2 ∆n

)2
+ 4 t2

(G14)

for the occupations and

EPM =
U

2
(1−

(

∆n

2

)2

)−

√

(

∆v − U

2
∆n

)2

+ 4 t2 (G15)

for the total energy.

APPENDIX H: BALDA DERIVATION

The expresion for the energy per site of a homogeneous system of density n = 1 + x is given by:

eBA(x, U) = eBA
0 (x, U) + U x θ(x) (H1)

eBA
0 (x, U) = −2β t

π
sin

(

π (1− |x|)
β

)

(H2)

where θ(x) is the Heaviside function and β is a function of U that is calculated from,

− 2β

π
sin

(

π

β

)

= −4

∫ ∞

0

d x
J0(x) J1(x)

x [1 + exp(U x/(2 t))]
(H3)

with J0 and J1 the zero and first Bessel functions. The above equation yields β(U = 0) = 2 and β(U → ∞) = 1.
To find the correlation energy per site we substract the non-interacting kinetic energy per site of the homogeneous
system e0(x, 0), and the Hartree-exchange energies per site of the homogeneous system

uHX(n) = uH(n) + ex(n) = U
n2

4
(H4)
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This yields

eBA
c (x, U) = eBA(x, U)− eBA(x, 0)− uHX(1 + x)

= eBA
0 (x, U)− eBA

0 (x, 0) + U x θ(x)− uHX(1 + x)

= −2 t

π

(

β sin

(

π (1− |x|)
β

)

− 2 sin

(

π (1− |x|)
2

))

−U (1 + x)2

4
(H5)

The BALDA approximation is then taken by letting n vary with position. In our case, n → n1,2 = 1±∆n/2, so that
x = ±∆n/2 for sites 1 and 2 respectively. The total BALDA correlation energy for the Hubbard dimer is then:

EBA
c = eBA

c (∆n/2, U) + eBA
c (−∆n/2, U) (H6)

= 2 (eBA
0 (∆n/2, U)− eBA

0 (∆n/2, 0)) + U
|∆n|
2

− UHX

UHX = uHX(1 + ∆n/2) + uHX(1−∆n/2) (H7)

The BALDA F− functional is therefore

FBA = Ts + UHX + EBA
c (H8)

= Ts + U
|∆n|
2

+ 2 (eBA
0 (∆n/2, U)− eBA

0 (∆n/2, 0))

where Ts is the same as before.
The ground state density ∆n is found by minimizing the BALDA energy functional

EBA = −∆v∆n

2
+ FBA (H9)

with respect to ∆n. The minimization equation

U − |∆v|
t

+
|∆n|

√

1− (∆n/2)2
(H10)

+4

(

cos
π (1− |∆n|/2)

β
− cos

π (1− |∆n|/2)
2

)

= 0

must be solved numerically. Notice the overal sign change at U = |∆v|. The ground state energy is obtained by
substituting ∆n into (H9).

APPENDIX I: KOHN-SHAM ENERGIES AT SEVERAL LIMITS AND RE-SCALED EXPRESSIONS

In this section all the energies are given in 2 t units, which is reflected by the use of lowercase letters.

1. Weak coupling limit

UH,s =
(4 t2 + 2∆v2)U

2 r20
− 4 t2 ∆v2 U2

r50
(I1)

Ts = −4 t2

r0
− 4 t2 ∆v2 U

r40
+

2 t2 ∆v2 (7 t2 − 2∆v2)U2

r70
(I2)

Tc =
2 t4 U2

r50
(I3)

Uc = −4 t4 U2

r50
(I4)

Ec = −2 t4 U2

r50
(I5)

where r0 =
√
4 t2 +∆v2.
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2. Strong coupling limit

UH,s =
U

2
(I6)

Ts = −2 t (I7)

Tc = 2 t− 8 t2

U
+

8 t2 (8 t2 −∆v2)

U3
(I8)

Uc = −U

2
+

4 t2

U
− 12 t2 (4 t2 −∆v2)

U3
(I9)

Ec = −U

2
+ 2 t− 4 t2

U
+

4 t2 r20
U3

(I10)

3. Re-scaled expressions

a. limit U and η = ∆v/U << 1

UKS
H =

U

2
(I11)

Ts = −2 t+
U2η2

4 t
(I12)

Tc =
U2

16 t
(I13)

Uc = −U2

8 t
(I14)

Ec = − U2

16 t
(I15)

b. U >> 1 and η << 1 Same expressions as in the Strong Coupling limit of the previous subsections, rewritten
as,

UKS
H =

U

2
(I16)

Ts = −2 t (I17)

Tc = 2 t− 8 t2 (1 + η2)

U
+

64 t4

U3
(I18)

Uc = −U

2
+

4 t2 (1 + 3 η2)

U
− 48 t4

U3
(I19)

Ec = −U

2
+ 2 t+

4 t2 (η2 − 1)

U
+

16 t4

U3
(I20)

c. η >> 1

UKS
H =

3U

4
− t2

U η2
(I21)

Ts = −4 t2

U η
(I22)

Tc = − 4 t2

U η2
(I23)

Uc =
U

4
− t2

U η2
(I24)

Ec =
U

4
− 5 t2

U η2
(I25)
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[9] F. H. L. Essler, H. Frahm, F. Göhmann, A. Klümper, and V. E. Korepin, The One-Dimensional Hubbard Model (Cambridge

University Press, Cambridge, 2005).
[10] J. Hubbard, Proceedings of the Royal Society of London. Series A. Mathematical and Physical Sciences 276, 238 (1963),

URL http://rspa.royalsocietypublishing.org/content/276/1365/238.abstract.
[11] E. Fradkin, Field Theories of Condensed Matter Physics, 2nd Edition (Cambridge University Press, Cambridge, 2013),

ISBN 0521764440.
[12] E. H. Lieb and F. Wu, Physica A: Statistical Mechanics and its Applications 321, 1 (2003), ISSN 0378-4371,

statphys-Taiwan-2002: Lattice Models and Complex Systems, URL http://www.sciencedirect.com/science/article/

pii/S0378437102017855.
[13] K. Schönhammer, O. Gunnarsson, and R. M. Noack, Phys. Rev. B 52, 2504 (1995), URL http://link.aps.org/doi/10.

1103/PhysRevB.52.2504.
[14] E. H. Lieb and F. Y. Wu, Phys. Rev. Lett. 20, 1445 (1968), ibid. 21, 192(E) (1968), URL http://link.aps.org/doi/10.

1103/PhysRevLett.20.1445.
[15] P. W. Anderson, Phys. Rev. 124, 41 (1961), URL http://link.aps.org/doi/10.1103/PhysRev.124.41.
[16] C. Coulson and I. Fischer, Philosophical Magazine Series 7 40, 386 (1949),

http://www.tandfonline.com/doi/pdf/10.1080/14786444908521726, URL http://www.tandfonline.com/doi/abs/

10.1080/14786444908521726.
[17] J. P. Perdew, A. Savin, and K. Burke, Phys. Rev. A 51, 4531 (1995), URL http://link.aps.org/doi/10.1103/PhysRevA.

51.4531.
[18] N. A. Lima, M. F. Silva, L. N. Oliveira, and K. Capelle, Phys. Rev. Lett. 90, 146402 (2003), URL http://link.aps.org/

doi/10.1103/PhysRevLett.90.146402.
[19] S. Schenk, M. Dzierzawa, P. Schwab, and U. Eckern, Phys. Rev. B 78, 165102 (2008), URL http://link.aps.org/doi/

10.1103/PhysRevB.78.165102.
[20] V. V. Frana, D. Vieira, and K. Capelle, New Journal of Physics 14, 073021 (2012), URL http://stacks.iop.org/

1367-2630/14/i=7/a=073021.
[21] G. Xianlong, M. Polini, M. P. Tosi, V. L. Campo, K. Capelle, and M. Rigol, Phys. Rev. B 73, 165120 (2006), URL

http://link.aps.org/doi/10.1103/PhysRevB.73.165120.
[22] O. Gunnarsson and K. Schönhammer, Phys. Rev. Lett. 56, 1968 (1986), URL http://link.aps.org/doi/10.1103/

PhysRevLett.56.1968.
[23] K. Schonhammer and O. Gunnarsson, Phys. Rev. B 37, 3128 (1988), URL http://link.aps.org/doi/10.1103/PhysRevB.

37.3128.
[24] D. J. Carrascal and J. Ferrer, Phys. Rev. B 85, 045110 (2012), URL http://link.aps.org/doi/10.1103/PhysRevB.85.

045110.
[25] K. Burke and friends, in preparation.
[26] T. Olsen and K. S. Thygesen, ArXiv e-prints (2013), 1312.5596.
[27] M. Fuchs, Y.-M. Niquet, X. Gonze, and K. Burke, The Journal of Chemical Physics 122, 094116 (pages 13) (2005), URL

http://link.aip.org/link/?JCP/122/094116/1.
[28] D. Carrascal, J. Ferrer, J. C. Smith, and K. Burke, In preparation (2015).

http://link.aps.org/doi/10.1103/PhysRevLett.74.2327
http://link.aps.org/doi/10.1103/PhysRevLett.74.2327
http://stacks.iop.org/0953-8984/10/i=6/a=011
http://stacks.iop.org/0953-8984/10/i=6/a=011
http://www.sciencemag.org/content/321/5890/792.abstract
http://link.aip.org/link/doi/10.1063/1.4704546
http://stacks.iop.org/0953-8984/9/i=4/a=002
http://link.aps.org/doi/10.1103/RevModPhys.68.13
http://link.aps.org/doi/10.1103/RevModPhys.68.13
http://xlink.rsc.org/?doi=C2CP24118H
http://xlink.rsc.org/?doi=C2CP24118H
http://link.aps.org/doi/10.1103/PhysRevLett.109.056402
http://link.aps.org/doi/10.1103/PhysRevLett.109.056402
http://rspa.royalsocietypublishing.org/content/276/1365/238.abstract
http://www.sciencedirect.com/science/article/pii/S0378437102017855
http://www.sciencedirect.com/science/article/pii/S0378437102017855
http://link.aps.org/doi/10.1103/PhysRevB.52.2504
http://link.aps.org/doi/10.1103/PhysRevB.52.2504
http://link.aps.org/doi/10.1103/PhysRevLett.20.1445
http://link.aps.org/doi/10.1103/PhysRevLett.20.1445
http://link.aps.org/doi/10.1103/PhysRev.124.41
http://www.tandfonline.com/doi/abs/10.1080/14786444908521726
http://www.tandfonline.com/doi/abs/10.1080/14786444908521726
http://link.aps.org/doi/10.1103/PhysRevA.51.4531
http://link.aps.org/doi/10.1103/PhysRevA.51.4531
http://link.aps.org/doi/10.1103/PhysRevLett.90.146402
http://link.aps.org/doi/10.1103/PhysRevLett.90.146402
http://link.aps.org/doi/10.1103/PhysRevB.78.165102
http://link.aps.org/doi/10.1103/PhysRevB.78.165102
http://stacks.iop.org/1367-2630/14/i=7/a=073021
http://stacks.iop.org/1367-2630/14/i=7/a=073021
http://link.aps.org/doi/10.1103/PhysRevB.73.165120
http://link.aps.org/doi/10.1103/PhysRevLett.56.1968
http://link.aps.org/doi/10.1103/PhysRevLett.56.1968
http://link.aps.org/doi/10.1103/PhysRevB.37.3128
http://link.aps.org/doi/10.1103/PhysRevB.37.3128
http://link.aps.org/doi/10.1103/PhysRevB.85.045110
http://link.aps.org/doi/10.1103/PhysRevB.85.045110
http://link.aip.org/link/?JCP/122/094116/1


CHAPTER 3: Discussion of the Quasi-Particle spectrum of the double-site Hubbard

model for arbitrary fractional N

This chapter will cover the analysis of the DFT estimation of the fundamental gap in strongly
correlated systems. We will use again the asymmetric Hubbard dimer as our prototypical system.
We will find the exact quasi-particle excitation spectrum, including the ionization potential and
electron affinity, which let us derive the real gap. Then we will set a method to calculate the Kohn-
Sham (KS) potentials for non-integer particle numbers as a necessary step to find the KS Green’s
function. We will prove that the Koopmans’ and the Janak’s theorems are obeyed. At the same
time, we will see that the KS spectrum is in general incorrect, except for the HOMO by definition,
when strong correlations are dominant but that a large asymmetry makes this spectrum basically
exact. The KS gap will be always lower than the true gap except in the Charge-Transfer regime or
when electron-electron interactions are negligible, for which the KS gap is exact.

1. INTRODUCTION

In the previous chapter we have applied the Site-Occupation Functional Theory (SOFT) to the asymmetric Hubbard
dimer with two electrons, which have given us the opportunity of applying all the DFT machinery to a system in which
correlations are incorporated. We have seen that all the theorems are still valid for lattice systems although their
correspondence with real-space is not fully clear. Evenmore, we have been able to derive a parametrized functional
with which we obtain very accurate results, much better than using other approximated techniques such as unrestricted
mean field or BALDA.
However in that chapter we have not analyzed the problem of the fundamental gap. This is a subject on the

border of Many-Body (MB) theory and DFT. We can also face a complementary question about the meaning of the
Kohn-Sham (KS) eigenvalues. In principle these eigenvalues do not have to have any physcal meaning as are the
result of a fictitious system, but the Koopmans’ theorem shows that at least the KS HOMO have a close relation with
the first ionization potential of the true system.
In chapter 1 we computed the exact MB and KS Green’s functions (GF) for arbitrary fractional particle numbers

N for the symmetric single-site Hubbard model and found how the KS spectrum becomes incomplete in the presence
of correlations. There we showed that while the electronegativity I = 0 and affinitiy A = U do not depend on N ,
their quasi-particle (QP) weights WA and WR do. We also showed that this dependence is continuous in N for the
MB case when crossing the integer value N = 1. In contrast, the KS weights were discontinuous and did not agree
with the above MB weights.
Now we want to compute the QP spectrum of the asymmetric double-site Hubbard model for all integer particle

numbers N . The adequate tool to determine them is the GF of the system. Its poles provide the QP energies and its
corresponding residues provide the QP weights. We also want to verify if the Janak’s and Koopmans’ theorems are
valid for this system and how the ∆v/U ratio affects the accuracy of DFT on the determination of the gap.
Here we will give first a short exposition about the fundamental gap and how it is defined, and its relation with the

KS eigenvalues. We will then refer to the QP definition and its possible link with the KS eigenvalues. A good review
of the topics exposed in this section can be found e.g. in [1].

A. The fundamental gap

Let us consider an N -electron system in which the KS eigenvalues are ǫNs,j , where the subscript j labels the eigenvalue

and the superscript N indicates that we are considering an N -electron system. The KS eigenvalues ǫNs,j do not have a

physical meaning in general except in the case of the highest occupied eigenvalue ǫNs,j according to Koopmans’ theorem

[2–5, 8]. In the case of an N -electron system, ǫNs,j is minus the ionization energy, the energy cost to remove an electron
to infinity, defined as,

ǫNs,j = EN − EN−1 = −IN (1)

where EN and EN−1 are the total ground state energies of the N and N − 1 electron systems respectively.
The expression in Eq. (1) may be seen as a version of the Koopmans’ theorem which in the DFT version is exact

but only for the highest occupied orbital eigenvalue. In parallel, the highest KS eigenvalue of the N + 1 system is
related with the electron affinity, that is, the energy gained by taking a particle from infinity,

ǫN+1
s,N+1 = EN+1 − EN = −AN (2)
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It may be guessed that differences of the KS eigenvalues are related with the excitation energies of the system, but
this is not the case as in general differ. They can be however used as a first approximation which can be improved
when using more exact exchange-correlation (xc) potentials.
An insulating system is described by a band gap that involves ground state energies of systems with a different

particle number. The gap is given by the difference between the ionization energy and the electron affinity,

EN
g = IN −AN (3)

Using the expressions in Eqs. (1) and (2), this energy gap may be expressed in terms of Kohn-Sham eigenvalues as,

EN
g = ǫN+1

s,N+1 − ǫNs,N (4)

This expression includes the highest occupied KS orbitals of two different systems with N +1 and N particles, which
in a solid has little practical application. Similarly, it is possible to define the gap in a noninteracting system as,

EN
g,s = ǫNs,N+1 − ǫNs,N (5)

also known as the KS gap, which considers differences of lowest unoccupied and highest occupied orbital energies this
time of the same system. The two gaps can be related by means of,

EN
g = EN

g,s +∆N
xc (6)

where ∆N
xc is the MB correction to the gap that is given by,

∆N
xc = ǫN+1

s,N+1 − ǫNs,N+1 (7)

This correction is related to the derivative discontinuity of the xc energy that is the result of the nonuniqueness of
the potentials with respect to an aditive constant,

∆N
xc =

δExc[n]

δn(r)

∣

∣

∣

∣

N+

− δExc[n]

δn(r)

∣

∣

∣

∣

N−

(8)

∆XC 6= 0 is called the derivative discontinuity contribution to the gap. In general, ∆XC appears to be always positive,
i.e., the KS gap is smaller than the true gap.
While this result is true for all systems, it is especially problematic for DFT calculations of solids. For molecules,

one can calculate the gap by adding and removing electrons. But with periodic boundary conditions, there is no
simple way to do this. Even with the exact functional, the KS gap does not match the true gap. In fact, popular
approximations like LDA and GGA mostly produce good approximations to the KS gap, but in fact yield ∆XC = 0
for solids. Thus there is no easy way to extract a good approximation to the true gap in such DFT calculations. The
standard method for producing accurate gaps has long been to perform a GW calculation. This works very well for
most weakly correlated materials. Such calculations are now done in a variety of ways, but often employ KS orbitals
from an approximate DFT calculation. Recently, hybrid functionals have shown to yield accurate approximate gaps
to many systems, but these gaps are a mixture of the QP (i.e. fundamental) gap, and the KS gap. They extract the
fundamental gap at the exchange level, which is typically a significant overestimate, which then compensates for the
’too small’ KS gap.

2. EXTENSION OF HAMILTONIAN AND GREEN’S FUNCTION FORMALISMS TO CONSIDER

NON-INTEGER PARTICLE NUMBERS

In this chapter we will compare the eigenvalues and QP spectra of the MB double-site Hubbard model and its
associated KS hamiltonian. To do so, obviously we first need to find out the expressions of the different hamiltonians
and then we have to solve them. The MB case has been already solved in chapter 2 and we can write the results
straightforward. However the KS hamiltonian has been derived only for integer particle numbers at N = 2. But
for this study we need the expressions for fractional particle numbers N. This section covers the derivation of these
hamiltonians as well as of the eigenstates and eigenvalues in the general case that will serve for the calculation of the
GFs.
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A. Notation

We will need to extend the SOFT formalism from integer N to fractional N particle numbers. Accordingly, we will
denote integer/fractional perticle numbers by a roman N -/caligraphic N−letter. Magnitudes B computed at filling
factors will carry the particle number as a superscript. If B is a discontinuous function of N at integer N , we will use

the notation BN±

= BN±δ where δ is an infinitesimal number. For later use, we also introduce the spin notation,

|s〉 =
| ↑↓〉 − | ↓↑〉√

2
(9)

|t1〉 = | ↑↑〉 (10)

|t0〉 =
| ↑↓〉+ | ↓↑〉√

2
(11)

|t−1〉 = | ↓↓〉 (12)

B. Double-site Hubbard hamiltonian

First we make a short reminder of the double-site Hubbard hamiltonian, which is defined as

ĤMB [v1, v2, U ] = ĤMB [v̄,∆v, U ] = =
∑

σ

(

ĉ†1σ ĉ
†
2σ

)

(

v1 −t
−t v2

) (

ĉ1σ

ĉ2σ

)

+ U n̂1↑ n̂1↓ + U n̂2↑ n̂2↓ (13)

=
∑

σ

(

ĉ†1σ, ĉ
†
2σ

)

(

v̄ − ∆v
2 −t

−t v̄ + ∆v
2

) (

ĉ1σ

ĉ2σ

)

+ U n̂1↑ n̂1↓ + U n̂2↑ n̂2↓(14)

where the on-site potentials v1,2 are spin-independent. Here, we set the notation

N̂ = n̂1 + n̂2 (15)

∆n̂ = n̂1 − n̂2 (16)

v̄ =
v1 + v2

2
= 0 (17)

∆v = v2 − v1 (18)

Because ĤMB commutes with N̂ , the MB Hilbert space is decomposed into sub-spaces tagged with an integer N ,
{|ψN 〉}, and ĤMB is box-diagonal. By diagonalizing each sub-space separately, we can find for each N -electron
sub-space the ground and excited states |ψN

0 >, |ψN
α > and their associated eigenenergies EN

0 , EN
α .

C. Zero-Temperature Many-Body Green’s functions.

Now we define the zero temperature GFs. The general expression for the retarded GF for N fermions,

iGN
iσ,j σ′(t, t′) = θ(t− t′) 〈ψN

0 |{ciσ(t), c†jσ′(t
′)}|ψN

0 〉 (19)

where the creation and anihilation operators evolve with the hamiltonian,

ĉiσ(t) = ei Ĥ t ĉiσ e
−i Ĥ t (20)

ĉ†iσ(t) = ei Ĥ t ĉ†iσ e
−i Ĥ t (21)

Applying these operator we obtain,

iGN
iσ,j σ′(t > 0, 0) =

∑

α

ei (E
N

0
−EN+1

α
) t 〈ψN

0 |ĉiσ|ψN+1
α 〉 〈ψN+1

α |c†jσ′ |ψ0[N ]〉

+
∑

β

ei (E
N−1

β
−EN

0
) t 〈ψN

0 |c†jσ′ |ψN−1
β 〉 〈ψN−1

β |ĉiσ|ψN
0 〉
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where α and β run over the ground and excited states at perticle numbers N ± 1 respectively.
We will discuss here only GN

1σ,1σ = GN
σ . The Fourier-transformed GN

σ (ω) can be obtained by using the Lehmann
representation

GN
σ (ω) =

∑

α

| < ψN+1
α | ĉ†i,σ |ψN

0 > |2

ω + EN
0 − EN+1

α + i δ
︸ ︷︷ ︸

GN

A,σ

+
∑

β

| < ψN−1
β | ĉi,σ |ψN

0 > |2

ω − EN
0 + EN−1

β + i δ
︸ ︷︷ ︸

GN

R,σ

(22)

where α and β run over the ground and excited states at particle numbers N ± 1 respectively. Physically, GA and GR

specify the quasi-particle and quasi-hole excitations of the system, respectively. The GF satisfies the usual sum rule
∫ ∞

∞

dω AN
σ (ω) = − 1

π

∫ ∞

∞

dω Im[GN
σ (ω)] = 1 (23)

where AN
σ (ω) is the spectral weight. The GF sum rule translates into the well-known sum rule for the QP weights:

∑

α

| < ψN+1
α | ĉ†i,σ |ψN

0 > |2 +
∑

β

| < ψN−1
β | ĉi,σ |ψN

0 > |2 = 1 (24)

D. Associated Kohn-Sham system

The MB hamiltonian ĤMB [∆v, U ] can be associated with the following KS hamiltonian that describes a set of
independent KS electrons

ĤN
s [∆n,U ] =

∑

σ

(

ĉ†1σ, ĉ
†
2σ

)

(

vNs,1 −t
−t vNs,2

) (

ĉ1σ

ĉ2σ

)

=
∑

σ

(

ĉ†1σ, ĉ
†
2σ

)

(

v̄Ns − ∆vN

s

2 −t
−t v̄Ns +

∆vN

s

2

)

(

ĉ1σ

ĉ2σ

)

(25)

where the KS potentials vNs,1[∆n,U ], vNs,2[∆n,U ] are continuous functions of the fractional particle number N , having
discontinuities when N = N is integer. Furthermore, they are spin-independent as a consequence of v1 and v2 not
depending on spin. Ĥs can be diagonalized yielding eigenstates |φNs,±[∆n,U ]〉 and eigenenergies ǫNs,±[∆n,U ]. The
connection with integer particle numbers is set by defining

|φNs,±[∆n,U ]〉 = |φN=N−δ,
s,± [∆n,U ]〉 (26)

ǫNs,±[∆n,U ] = ǫN=N−δ
s,± [∆n,U ] (27)

(28)

with δ an infinitesimal positive number. An N -electron ground state |ψN
s,0〉 and excited states |ψN

s,α〉 of the KS system

with energies EN
s,0 and EN

s,α can be built by making Slater determinants of the single-electron KS states |φNs,±〉. They
satisfy

Ĥs |ψN
s,(0,α)〉 = EN

s,(0,α) |ψN
s,(0,α)〉 (29)

The SOFT total ground state energy verifies

ẼN
s,0[∆n,U ] = EN

s,0[∆n,U ] + ∆EN [∆n,U ] (30)

where a double-counting term must be added to the KS ground state energy. The MB and KS systems at given
particle number N and Hubbard interaction U are connected by replacing ∆n above by the MB ground state density
∆nN

0 [∆v, U ]. The KS potentials need further adjustment. This is achieved by requesting that

EN
0 [∆v, U ] = ẼN

s,0[∆n
N
0 [∆v, U ], U ] (31)

We could try and define a SOFT hamiltonian by including double-counting terms to correct the energies,

ˆ̃Hs = Ĥs +∆E (32)

so that

ˆ̃Hs |ψN
s,(0,α)〉 = (EN

s,(0,α) +∆EN ) |ψN
s,(0,α)〉 = ẼN

s,(0,α) |ψN
s,(0,α)〉 (33)

This way, the creation and anihilation operators would evolve with ˆ̃Hs.
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3. SOLUTION OF THE MANY-BODY HAMILTONIAN

Here we show the solutions of the MB hamiltonian for all the integer particle numbers. To find the poles of the
GFs we need not only the ground state energies and eigenfunctions but also the excited states. Here we just show the
ground state solutions while the excited states are left for appendix A.

A. Ground state solution at integer particle numbers N

We can easily solve the hamiltonian for the different particle numbers, yielding the ground state energies,

EN=0
0 [∆v, U ] = 0 (34)

EN=1
0 [∆v, U ] = −

√

(

∆v

2

)2

+ t2 = −R (35)

EN=2
0 [∆v, U ] =

2U

3
− 2 r

3
sin
(

θ +
π

6

)

(36)

EN=3
0 [∆v, U ] = −R+ U (37)

EN=4
0 [∆v, U ] = 2U (38)

and occupations

∆nN=0
0 [∆v, U ] = 0 (39)

∆nN=1
0 [∆v, U ] =

∆v/2

R
(40)

∆nN=2
0 [∆v, U ] =

8∆v (U − EN=2
0 [∆v])

〈ψN=2
0 |ψN=2

0 〉 (41)

∆nN=3
0 [∆v, U ] =

∆v/2

R
(42)

∆nN=4
0 [∆v, U ] = 0 (43)

Here R =

√

(

∆v
2

)2
+ t2 and r, θ are given below. The ground state for N = 1, 3 is a Kramers doublet. We will always

choose for discussion the spin-↑ partner of the doublet. The ground state for N = 2 is a non-degenerate singlet.
Explicitly,

|ψN=1
0,σ 〉 = (u− |1〉+ u+ |2〉) ⊗ |σ〉 (44)

|ψN=2
0 〉 =

[

α0 (|12〉+ |21〉) + β+
0 |11〉 + β−

0 |22〉
]

⊗ |s〉 (45)

|ψN=3
0,σ 〉 = (u− |112〉+ u+ |122〉) ⊗ | ↑↓ σ〉 (46)

where u± = 1√
2

(

1∓ ∆v/2
R

)1/2

are conventional Bogoliubov factors and

α0 = −2 t (U − EN=2
0 )

EN=2
0 |ψN=2

0 | (47)

β±
0 =

U − EN=2
0 ±∆v

|ψN=2
0 | (48)

〈ψN=2
0 |ψN=2

0 〉 = 2

[

∆v2 + (EN=2
0 − U)2

(

1 +

(

2 t

EN=2
0

)2
)]

(49)

r =
√

U2 + 3 [∆v2 + (2 t)2] (50)

θ =
1

3
acos

[

y U

r3

]

(51)

y = 9 (∆v2 − 2 t2)− U2 (52)
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N IN0 AN
0

0 - R

1 R −(EN=2
0 +R)

2 −(EN=2
0 ) +R EN=2

0 +R− U

3 EN=2
0 +R− U −(R+ U)

4 −(R+ U) -

TABLE I: Ionization potentials and electron affinities for different particle numbers for the asymmetric Hubbard dimer. Here

R =
√

(

∆v
2

)2
+ t2.

N FN [∆n,U ]

0 0

1 −t
√
1−∆n2

2 EN=2
0 [∆n,U ]− ∆n∆v

2

3 U − t
√
1−∆n2

4 2U

TABLE II: Exact functionals of the asymmetric Hubbard dimer evaluated at integer particle numbers.

B. Ionization potentials and electron affinities. Many-Body gaps.

The ionization potential and the electron affinities, defined respectively as

IN0 [∆v, U ] = −EN
0 [∆v, U ] + EN−1

0 [∆v, U ] (53)

AN
0 [∆v, U ] = EN

0 [∆v, U ]− EN+1
0 [∆v, U ] (54)

can explicitly calculated now for each particle number N as shown in table I.
The MB gaps can then be obtained using Eq. (4),

EN=1
g = EN=2

0 + 2R (55)

EN=2
g = U − 2 (R+ EN=2

0 ) (56)

EN=3
g = EN=2

0 + 2R (57)

4. CONSTRUCTION OF SOFT FUNCTIONALS

Now we have all the necessary information to build the SOFT functionals. We have made this in chapter 1 using
the constrained minimization method only for the symmetric model. In chapter 2 we have solved the asymmetric
system numerically but restricting our findings to the integer particle number N = 2. Here we have to extend both
results to consider the asymmetric model for non-integer particle numbers.

A. Functionals for integer values of N

To define the the F−functional we first invert Eqs. (39)-(43) to find ∆vN [∆nN
0 , U ]. Inserting ∆vN [∆nN

0 , U ] in
Eqs. (34)-(38) leads to EN

0 [∆nN
0 , U ]. Dropping the zero sub-indices and the N superindex on terms inside the

brackets defines the energy and potential functionals EN [∆n,U ] and ∆vN [∆n,U ]. The F−functional is defined by
the relationship

FN [∆n,U ] = EN [∆n,U ] +
∆vN [∆n,U ] ∆n

2
(58)

We find the spin-independent functionals in table II.
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N E0[∆v, 0] ∆n0[∆v, 0] F [∆v, 0]

0 0 0 0

1 −R ∆v/2R −t
√
1−∆n2

2 −2R ∆v/R −t
√
4−∆n2

3 −R ∆v/2R −t
√
1−∆n2

4 0 0 0

TABLE III: Ground state energy, occupations and functional for the asymmetric Hubbard dimer given for integer N and U = 0.

Here R =
√

(

∆v
2

)2
+ t2.

B. Functionals for fractional particle numbers N

To find the functional for fractional N = N + ω we make use of the fact that the ground state energy EN [∆v, U ]
consists on straight-line segments between integer values [2, 6, 8]. Now all the quantities are expectation values in a
grand-canonical ensemble at zero temperature such,

∆nN [∆v, U ] = (1− ω)∆nN [∆v, U ] + ω∆nN+1[∆v, U ] (59)

EN [∆v, U ] = (1− ω)EN [∆v, U ] + ωEN+1[∆v, U ] (60)

where the integer-N occupations ∆nN [∆v, U ] and energies EN [∆v, U ] are provided in Eqs. (39)-(43) and (34)-(38),
and again we dropped the zero sub-index. We see that the straight-line segmented behaviour is also applied to the
occupations. Equation (59) can be inverted yielding ∆vN [∆n,U ]. The potential ∆vN [∆n,U ] can be inserted back in
Eq. (60) leading to the energy functional EN [∆n,U ]. The F− functional is written as

FN [∆n,U ] = EN [∆n,U ] +
∆vN [∆n,U ] ∆n

2
(61)

To check the self-consistency loop, we could compute the ground state occupation ∆nN
0 [∆v, U ] and energy EN

0 [∆v, U ]
by minimizing

EN [∆n,U ] = −∆vN [∆n,U ] ∆n

2
+ FN [∆n,U ] (62)

with respect to ∆n.

C. Non-interacting case and kinetic energy functional

In order to test the method described we are going to consider the non-interacting case for which it is possible to
find an algebraic solution. In table III are given the ground state energies, occupations ∆n0 and functionals at integer
N , necessary for the determination of the functional for non-integer N .

To compute the F−functional at fractional particle numbers N = N + ω we use the interpolation formulae

∆nN [∆v, 0] = (1− ω)∆nN [∆v, 0] + ω∆nN+1[∆v, 0] (63)

EN [∆v, 0] = (1− ω)EN [∆v, 0] + ωEN+1[∆v, 0] (64)

We solve first Eq. (63) to find ∆vN [∆n, 0]. This is introduced in Eq. (64) to find the energy functional EN [∆n, 0].
The F−functional is

FN [∆n, 0] = EN [∆n, 0] +
∆vN [∆n, 0]∆n

2
(65)

=

{

−t
√
N 2 −∆n2 ifN ≤ 2

−t
√

(4−N )2 −∆n2 ifN ≥ 2
(66)

= −t
√

(2− |N − 2|)2 −∆n2 (67)

where the last expression spells out the electron-hole symmetry of the model. The kinetic-energy functional is defined
by

TN
s [∆n] = FN [∆n,U = 0] = −t

√

(2− |N − 2|)2 −∆n2 (68)
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Notice that the above non-interacting functional must be evaluated at the interacting ground state occupation
∆nN

0 [∆v, U ]. We rearrange the energy functional as follows:

Es = −∆v∆n

2
+ (F − Ts) (69)

EN [∆n,U ] = −∆v∆n

2
+ F = Ts + Es (70)

5. KOHN-SHAM DESCRIPTION

Now that we know how to compute the functionals for non-integer particle numbers we can proceed with the
determination of the KS system, which requires the calculation of the KS potentials and then of the KS hamiltonian
and its eigenvalues. This will finally let us to determine the KS GFs. Here we will face the problem of the derivative
discontinuity and its effect on the underestimation of the true gap by the KS system in the presence of correlations.

A. KS potentials for fractional particle numbers N and potential discontinuities at integer particle numbers

N .

To find the KS potentials at any given point (∆n0,N0) in the phase-space we assume that Es can be expanded

EN∼N0

s [∆n ∼ ∆n0] ≈ EN0

s [∆n0] + v̄N0

s [∆n0] (N −N0) +
∆vN0

s [∆n0]

2
(∆n−∆n0) (71)

where the directional derivatives of Es with respect to N and ∆n are the potentials

v̄Ns [∆n,U ] =
∂Es
∂N =

∂(F − Ts)

∂N (72)

∆vNs [∆n,U ]

2
=

∂Es
∂∆n

=
∆v

2
− ∂(F − Ts)

∂∆n
(73)

The on-site KS potentials are

vNs,1[∆n,U ] =
∂Es
∂n1

= v̄s −
∆vs
2

(74)

vNs,2[∆n,U ] =
∂Es
∂n1

= v̄s +
∆vs
2

(75)

Hence

vNs,1,2[∆n,U ] = ∓∆v

2
+
∂(F − Ts)

∂n1,2
= ∓∆v

2
+
∂(F − Ts)

∂N ± ∂(F − Ts)

∂∆n
(76)

(77)

Notice what this means: to compute the on-site KS potentials at (∆n0,N0) we always need to determine BOTH
N− and ∆n− directional derivatives, so we need to know how Es behaves at the neighbourhood of (∆n0,N0) along
all directions. The KS potentials are continuous at fractional N , and jump discontinuously whenever N reaches an
integer value N . We then define the potential discontinuities at integer values N as

∆N
xc,1,2[∆n,U ] = vN=N+

s,1,2 [∆n,U ]− vN=N−

s,1,2 [∆n,U ] (78)

B. Kohn-Sham hamiltonian

The associated KS hamiltonian has been already defined in Eq. (25). This hamiltonian is easily diagonalized by a
conventional Bogoliubov rotation so that

ĤN
s [∆n,U ] =

∑

σ

(

Γ̂†
s,+σ, Γ̂

†
s,−σ

)

(

ǫNs,+ 0
0 ǫNs,−

) (

Γ̂s,+σ

Γ̂s,−σ

)

(79)

=
∑

σ

(

ǫNs,− n̂s,−,σ + ǫNs,+ n̂s,+,σ

)

= ǫNs,− n̂s,− + ǫNs,+ n̂s,+ (80)
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where the (spin-degenerate) KS eigenenergies, eigenfunctions, creation operators, particle number operators and
Bogoliubov factors are

ǫNs,±[∆n,U ] = v̄Ns ±

√

(

∆vNs
2

)2

+ t2 = v̄Ns ±RN
s (81)

|φNs,±,σ[∆n,U ]〉 =
(

uNs,± |1〉 ∓ uNs,∓ |2〉
)

⊗ |σ〉 (82)

Γ̂N
s,±σ[∆n,U ] = uNs,± ĉ1,σ ∓ uN∓ ĉ2,σ (83)

n̂N
s,±,σ[∆n,U ] = Γ̂†

s,±,σ Γ̂s,±,σ (84)

n̂Ns,±[∆n,U ] = n̂s,±,↑ + n̂s,±,↓ (85)

uNs,±[∆n,U ] =
1√
2

(

1∓ ∆vNs /2

RN
s

)1/2

(86)

These KS eigenenergies and eigenstates are discontinuous at integer N because of the potential discontinuity ∆N
xc.

Substituting in the above expressions the ground state occupation ∆nN
0 [∆v, U ], the KS eigenenergies and eigenstates

acquire the dependency:

ǫNs,±[∆n
N
0 [∆v, U ], U ] −→ ǫNs,±[∆v, U ] (87)

|ψN
s,±,σ[∆n

N
0 [∆v, U ], U ] 〉 −→ |ψN

s,±,σ[∆v, U ] (88)

v̄Ns [∆nN
0 [∆v, U ], U ] −→ v̄Ns [∆v, U ] (89)

RN
s [∆nN

0 [∆v, U ], U ] −→ RN
s [∆v, U ] (90)

The HOMO and LUMO states can only be defined unambiguously for integer particle number N , that we will usually
take as N = N−. They are called as follows:

ǫN=1
s,HOMO = ǫN=1

s,LUMO = ǫN=1−

s,− (91)

ǫN=2
s,HOMO = ǫN=2−

s,− (92)

ǫN=2
s,LUMO = ǫN=2−

s,+ (93)

ǫN=3
s,HOMO = ǫN=3

s,LUMO = ǫN=3−

s,+ (94)

The KS gaps are,

EN=1
s,g = EN=3

s,g = 0 (95)

EN=2
s,g = ǫN=2−

s,+ − ǫN=2−

s,− = 2RN=2−

s (96)

(97)

Before finishing, we would like to take a closer look at the N = 1, 3 particle numbers. Here the spin is important.
Indeed, if we differenciate the HOMO and LUMO levels of each spin sector we have,

ǫN=1
s,σ,HOMO = ǫN=1

s,−σ,LUMO = ǫN=1−

s,− (98)

ǫN=1
s,σ,LUMO = ǫN=1−

s,+ (99)

ǫN=3
s,σ,HOMO = ǫN=3

s,−σ,LUMO = ǫN=3−

s,+ (100)

ǫN=3
s,−σ,HOMO = ǫN=3−

s,− (101)

C. Ground state energies and double-counting terms

The ground state energy

EN
0 [∆v, U ] = ẼN

s [∆nN0 [∆v, U ], U ] = ẼN
s,0[∆v, U ] (102)

is computed by minimizing

EN [∆n,U ] = −∆v∆n

2
+ FN [∆n,U ] (103)
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with respect to ∆n. However, because E0 is a continuous function of N at integer particle numbers N , we can rather
use Eqs. (34)-(38):

EN=0
0 [∆v, U ] = ẼN=0

s,0 = 0 (104)

EN=1
0 [∆v, U ] = ẼN=1

s,0 = −R (105)

EN=2
0 [∆v, U ] = ẼN=2

s,0 =
2U

3
− 2 r

3
sin
(

θ +
π

6

)

(106)

EN=3
0 [∆v, U ] = ẼN=3

s,0 = −R+ U (107)

EN=4
0 [∆v, U ] = ẼN=4

s,0 = 2U (108)

The KS expectation for the ground state energies are

EN=0
s,0 [∆v, U ] = 0 (109)

EN=1
s,0 [∆v, U ] = ǫN=1−

s,− (110)

EN=2
s,0 [∆v, U ] = 2 ǫN=2−

s,− (111)

EN=3
s,0 [∆v, U ] = 2 ǫN=3−

s,− + ǫN=3−

s,+ (112)

EN=4
s,0 [∆v, U ] = 2 ǫN=4−

s,− + 2 ǫN=4−

s,+ (113)

The double-counting term is then simply

∆EN [∆v, U ] = EN
0 − EN

s,0 = ẼN
s,0 − EN

s,0 (114)

We will estimate the total SOFT energy of the excited states using the relationship

ẼN
s,α = EN

s,α +∆EN = EN
s,0 +∆EN + (EN

s,α − EN
s,0) = EN

0 + (EN
s,α − EN

s,0) (115)

D. Kohn-Sham ground and excited states of the N-electron system

Although the KS description consists on an (fictitious) effective one-particle theory, we can build an Ns-electron
representation of such description. And we are using Ns and not N to avoid any confussion. As we know, in order to
derive the KS potentials we have to fix the particle number N corresponding to the exact MB hamiltonian we want to
approximate. On the other hand, the calculation of the excitations of such MB system using the GF method requires
the knowledge of the eigenenergies and wavefunctions of the MB systems with N ± 1 electrons. If we try to mimic
this way of computing excitations by using the equivalent N -electron representation of the KS hamiltonian we have to
keep in mind that the corresponding eigenenergies and wavefunctions of the N ±1 KS system are calculated using the
KS potentials evaluated at N . Thus, in order to avoid confussion, we will talk about an Ns-electron representation
of the KS system where Ns does not have to be equal to the particle number N for which the KS potentials are
evaluated.
We write below explicitly all the KS ground and excited states. The KS magnitudes will be in this case labeled as

BN ,Ns

s to indicate the Ns-electron representation we are showing.
For Ns = 1 we have two Kramers doublets. We will always choose for discusssions on the quasi-particle spectrum

the spin− ↑ partner of the ground state doublet. These ground/excited states are obviously bonding/anti-bonding
states

|ψN ,1
s,0,σ〉 = |φNs,−,σ〉 = (uNs,− |1〉+ uNs,+ |2〉)⊗ |σ〉 = Γs,−,σ |0〉 (116)

|ψN ,1
s,1,σ〉 = |φNs,+,σ〉 = (uNs,+ |1〉 − uNs,− |2〉)⊗ |σ〉 = Γs,+,σ |0〉 (117)

and their KS energies are

EN ,1
s,0 = ǫNs,− = v̄Ns −RN

s (118)

EN ,1
s,1 = ǫNs,+ = v̄Ns +RN

s (119)
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For Ns = 2 we have six states; four of them have total spin Sz = 0 and two of them turn out to be identical. They
are

|ψN ,2
s,0 〉 = Slater

[

|φNs,−,↑〉 ⊗ |φNs,−,↓〉
]

= Γs,−,↑ Γs,−,↓ |0〉 (120)

=
[

(uNs,−)
2 ||11〉+ (uNs,+)

2 |22〉+ uNs,+ u
N
s,− (|12〉+ |21〉)

]

⊗ |s〉

=

[ |11〉+ |22〉
2

+
∆vNs /2

RN
s

|11〉 − |22〉
2

+
t

RN
s

|12〉+ |21〉
2

]

⊗ |s〉 (121)

|ψN ,2
s,1 〉 = Slater

[

|φNs,−,↑〉 ⊗ |φNs,+,↓〉
]

= Γs,−,↑ Γs,+,↓ |0〉

=

[

t

RN
s

|11〉 − |22〉
2

− ∆vNs /2

RN
s

|12〉+ |21〉
2

]

⊗ |s〉 − |12〉 − |21〉
2

|t0〉 (122)

|ψN ,2
s,2 〉 = −Slater

[

|φNs,−,↓〉 ⊗ |φNs,+,↑〉
]

= −|ψN ,2
s,1 〉 (123)

|ψN ,2
s,3 〉 = Slater

[

|φNs,+,↑〉 ⊗ |φNs,+,↓〉
]

= Γs,+,↑ Γs,+,↓ |0〉 (124)

=
[

(uNs,+)
2 ||11〉+ (uNs,−)

2 |22〉 − uNs,+ u
N
s,− (|12〉+ |21〉)

]

⊗ |s〉

=

[ |11〉+ |22〉
2

− ∆vNs /2

RN
s

|11〉 − |22〉
2

− t

RN
s

|12〉+ |21〉
2

]

⊗ |s〉 (125)

with KS energies

EN ,2
s,0 = 2 ǫNs,− = 2 (v̄Ns −RN

s ) (126)

EN ,2
s,1 = E

(2)
s,2 = ǫNs,− + ǫNs,+ = 2 v̄Ns (127)

EN ,2
s,3 = 2 ǫNs,+ = 2 (v̄Ns +RN

s ) (128)

Clearly, |ψN ,2
s,0 〉 and |ψN ,2

s,3 〉 are pure singlet states, while |ψN ,2
s,1 〉 and |ψN ,2

s,2 〉 are admixtures of a singlet and the Sz = 0
partner of a s = 1 multiplet. Notice that this is a consquence of the well-known fact that Slater determinants are

eigenstates of the Ŝz, but not of the Ŝ2 operator. We also find the states |ψN ,2
s,4 〉 and |ψN ,2

s,5 〉 that are the Sz = ±1
states of a S = 1 triplet,

|ψN ,2
s,4 〉 = Slater

[

|φNs,−,↑〉 ⊗ |φNs,+,↑〉
]

= Γs,−,↑ Γs,+,↑ |0〉 =
|12〉 − |21〉√

2
⊗ |t1〉 (129)

|ψN ,2
s,5 〉 = Slater

[

|φNs,−,↓〉 ⊗ |φNs,+,↓〉
]

= Γs,−,↓ Γs,+,↓ |0〉 =
|12〉 − |21〉√

2
⊗ |t−1〉 (130)

whose KS energies are obviously degenerate:

EN ,2
s,4 = EN ,2

s,5 = ǫNs,− + ǫNs,+ = 2 v̄Ns (131)

For Ns = 3 we have again two Kramers doublets, where we will choose the spin-↑ partner for the QP discussion.

|ψN ,3
s,0,σ〉 = Slater

[

|φNs,−,↑〉 ⊗ |φNs,−,↓〉 ⊗ |φNs,+,σ〉
]

= Γs,−,↑ Γs,−,↓ Γs,+,σ|0〉 (132)

|ψN ,3
s,1,σ〉 = Slater

[

|φNs,−,↑〉 ⊗ |φNs,+,↓〉 ⊗ |φNs,+,σ〉
]

= Γs,−,↑ Γs,+,↓ Γs,+,σ|0〉 (133)

Their KS energies are

EN ,3
s,0 = 2 ǫNs,− + ǫNs,+ = 3 v̄Ns −RN

s (134)

EN ,3
s,1 = ǫNs,− + 2 ǫNs,+ = 3 v̄Ns +RN

s (135)

For Ns = 4, we have a single state with KS energies

EN ,4
s = 2 ǫNs,− + 2 ǫNs,+ = 4 v̄Ns (136)
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The Ns-particle representation provides a way to define a KS first ionization potential and electron affinities as,

IN ,Ns

s = EN ,Ns−1
s,0 − EN ,Ns

s,0 (137)

AN ,Ns

s = EN ,Ns

s,0 − EN ,Ns+1
s,0 (138)

It is not difficult to see that these expressions yield,

IN ,Ns

s = −ǫN ,Ns

s,HOMO (139)

AN ,Ns

s = −ǫN ,Ns

s,LUMO (140)

Thus, using the Koopmans’ theorem we find a relation between these KS magnitudes and the exact MB ones for
N = N±

s ,

I
N=N−

s
,Ns

s = IN=Ns (141)

A
N=N+

s
,Ns

s = AN=Ns (142)

On the other hand, the ground state KS wavefunctions corresponding to N = N±
s yield the exact occupation

∆nN [∆v, U ] at integer partcle number N = Ns; the total energies E
N±

s
,Ns

s,0 + double − counting terms for such
wavefunctions match the exact ground state at N = Ns.

6. GREEN’S FUNCTION FOR T = 0: QUASI-PARTICLES AND QUASI-HOLES

We can finally find the GFs for the asymmetric Hubbard dimer. We will derive the GF defined in the section 2C.
We will concentrate on integer N particle numbers. While for MB this does not imply any problem, for the KS system
we have chosen to find the expressions using the KS hamiltonian obtained for N − δ, with δ an infinitesimal.

A. General Many-Body expressions

The general expression for the Fourier-transformed G(ω) was given in Eq. (22). The ground states |ψN=1,3
0,σ 〉 are

Kramers doublets, so this extra-spin degree of freedom should be accounted for. For simplicity we will choose the

partner |ψN=1,3
0,↑ 〉 to describe the different GFs. In contrast, |ψ2

0〉 is a spin-singlet, where GN=2
↑ = GN=2

↓ = GN=2. The
quasi-particles and quasi-holes are the poles for electron addition and removal respectively. We have for N = 1

GN
σ (ω) = GN

A,σ(ω) +GN
R,σ(ω) (143)

GN=1
A,↑ (ω) =

| < ψN=2
Sz=1| ĉ

†
1↑ |ψN=1

0,↑ > |2

ω + EN=1
0 − EN=2

Sz=1 + i δ
(144)

GN=1
R,↑ (ω) =

| < 0| ĉ1↑ |ψN=1
0,↑ > |2

ω − EN=1
0 + i δ

(145)

| < ψN=2
Sz=1| ĉ†1↑ |ψN=1

0,↑ > |2 + | < 0| ĉ1↑ |ψN=1
0,↑ > |2 = 1 (146)

Here the state |ψN=2
sz=1〉 is the triplet state with Sz = +1 at N = 2.

GN=1
A,↓ (ω) =

∑

α

| < ψN=2
α,sz=0| ĉ†1↓ |ψN=1

0,↑ > |2

ω + EN=1
0 − EN=2

α + i δ
(147)

GN=1
R,↓ (ω) =

| < 0| ĉ1↓ |ψN=1
0,↑ > |2

ω − EN=1
0 + i δ

= 0 (148)

∑

α

| < ψN=2
α,sz=0| ĉ†1↓ |ψN=1

0,↑ > |2 = 1 (149)
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Here |ψN=2
α,sz=0〉 denote all the ground and excited states at N = 2 having Sz = 0, and the α-sum runs over them all.

The GFs GN=2 for N = 2 are spin-independent. However, we will compute explicitly GN=2
↑ for the sakeness of clarity:

GN=2
A,↑ (ω) =

∑

α

| < ψN=3
α,↑ | ĉ†1↑ |ψN=2

0 > |2

ω + EN=2
0 − EN=3

α + i δ
(150)

GN=2
R,↑ (ω) =

∑

β

| < ψN=1
β,↓ | ĉ1↑ |ψN=2

0 > |2

ω − EN=2
0 + EN=1

β + i δ
(151)

∑

α

| < ψN=3
α,↑ | ĉ†1↑ |ψN=2

0 > |2 +
∑

β

| < ψN=1
β,↓ | ĉ1↑ |ψN=2

0 > |2 = 1 (152)

where the α and β sums run over the ± states at N = 1, 3 having spin-↑ or ↓, respectively. The GFs GN=3 for N = 3
have a similar structure to GN=1:

GN=3
A,↑ (ω) =

| <↑ ↓ | ĉ†1↑ |ψN=3
0,↑ > |2

ω + EN=3
0 − EN=4 + i δ

= 0 (153)

GN=3
R,↑ (ω) =

∑

α

| < ψN=2
α,sz=0| ĉ1↑ |ψN=3

0,↑ > |2

ω − EN=3
0 + EN=2

α + i δ
(154)

∑

α

| < ψN=2
α,sz=0| ĉ1↑ |ψN=3

0,↑ > |2 = 1 (155)

where again |ψN=2
β,sz=0〉 denote all the ground and excited states at N = 2 having sz = 0, and the α-sum runs over

them all.

GN=3
A,↓ (ω) =

| <↑ ↓ | ĉ†1↓ |ψN=3
0,↑ > |2

ω + EN=3
0 − EN=4 + i δ

(156)

GN=3
R,↓ (ω) =

| < ψN=2
sz=1| ĉ1↓ |ψN=3

0,↑ > |2

ω − EN=3
0 + EN=2

sz=1 + i δ
(157)

| <↑ ↓ | ĉ†1↓ |ψN=3
0,↑ > |2 + | < ψN=2

sz=1| ĉ1↓ |ψN=3
0,↑ > |2 = 1 (158)

The explicit expressions of the MB wavefunctions, energies, weights and poles are given in the appendix A.

B. Kohn-Sham Green’s Functions

As the KS technique approximates the true many-particle system by an effective non-interacting one-particle system,
the retarded KS GF is equivalent to the one of the Schrödinger equation of a non-interacting system,

iGN
s,iσ,jσ′(t− t′) = θ(t− t′) 〈iσ (t)|jσ′ (t′)〉 = θ(t− t′) 〈iσ|e−i ĤN

s
(t−t′)|jσ′〉 (159)

Inserting the unit operator
∑

α=±,σ

|φNs,α〉〈φNs,α| and applying the Fourier transform, we obtain,

GN
s,iσ,jσ′(ω) =

∑

α=±,σ

δσ,σ′

〈iσ|φNs,α〉
(

〈jσ′|φNs,α〉
)∗

ω − ǫNs,α + i δ
(160)

As we are considering the case with i = j = 1, using the KS wavefunction expressions in Eq. (82), we obtain,

GN
s,σ(ω) =

(uNs,−)
2

ω − ǫNs,− + i δ
+

(uNs,+)
2

ω − ǫNs,+ + i δ
(161)
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Note that the KS poles are given directly by the KS eigenvalues. This is the usual way in which the KS GF is
represented in DFT texts, but we can reach the same result using the Ns-electron representation of the KS system
that we developed in section 5D. Here we have to fix N−

s = N . The KS GF in this representation is equivalent to the
MB expression in Eq. (22). We can unentangle the GFs into spin-dependent addition and removal bits. The results
shall be equivalent to those obtained above using the one-particle representation. We have to introduce again in the
notation of energies and wavefunctions the second superindex indicating the number of particles Ns considered.

Starting with N = 1− we have,

GN=1−

s,A,↑ (ω) =
| < ψ1−,2

s,4 | ĉ†1↑ |ψ
1−,1
s,0,↑ > |2

ω + E1−,1
s,0 − E1−,2

s,4 + i δ
=

(uN=1−

s,+ )2

ω − ǫN=1−
s,+ + i δ

(162)

GN=1−

s,R,↑ (ω) =
| < 0| ĉ1↑ |ψ1−,1

s,0,↑ > |2

ω − E1−,1
s,0 + i δ

=
(uN=1−

s,− )2

ω − ǫN=1−
s,− + i δ

(163)

GN=1−

s,A,↓ (ω) =
∑

α=0,1

| < ψ1−,2
s,α | ĉ†1↓ |ψ

1−,1
s,0,↑ > |2

ω + E1−,1
s,0 − E1−,2

s,α + i δ
=

(uN=1−

s,− )2

ω − ǫN=1−
s,− + i δ

+
(uN=1−

s,+ )2

ω − ǫN=1−
s,+ + i δ

(164)

GN=1−

s,R,↓ (ω) =
| < 0| ĉ1↓ |ψ1−,1

s,0,↑ > |2

ω − E1−,1
s,0 + i δ

= 0 (165)

The GFs GN=2−

s for Ns = 2 are spin-indepenedent. However, we will compute explicitly GN=2−

↑ for the sakeness of
clarity:

GN=2−

s,A,↑ (ω) =
| < ψ2−,3

s,0,↑| ĉ
†
1↑ |ψ

2−,2
s,0 > |2

ω + E2−,2
s,0 − E2−,3

s,0 + i δ
=

(uN=2−

s,+ )2

ω − ǫN=2−
s,+ + i δ

(166)

GN=2−

s,R,↑ (ω) =
| < ψ2−,1

s,0,↓| ĉ1↑ |ψ
2−,2
s,0 > |2

ω − E2−,2
s,0 + E2−,1

s,0 + i δ
=

(uN=2−

s,− )2

ω − ǫN=2−
s,− + i δ

(167)

The GFs GN=3−

s for Ns = 3 have a similar structure to GN=1−

s for Ns = 1:

GN=3−

s,A,↑ (ω) =
| <↑ ↓ | ĉ†1↑ |ψ

3−,3
s,0,↑ > |2

ω + E3−,3
s,0 − E3−,4

s + i δ
= 0 (168)

GN=3−

s,R,↑ (ω) =
∑

α=0,1

| < ψ3−,2
s,α | ĉ1↑ |ψ3−,3

s,0,↑ > |2

ω − E3−,3
s,0 + E3−,2

s,α + i δ
=

(uN=3−

s,− )2

ω − ǫN=3−
s,− + i δ

+
(uN=3−

s,+ )2

ω − ǫN=3−
s,+ + i δ

(169)

GN=3−

s,A,↓ (ω) =
| <↑ ↓ | ĉ†1↓ |ψ

3−,3
0,↑ > |2

ω + E3−,3
s,0 − E3−,4

s + i δ
=

(uN=3−

s,+ )2

ω − ǫN=3−
s,+ + i δ

(170)

GN=3−

s,R,↓ (ω) =
| < ψ3−,2

sz=1| ĉ1↓ |ψ3−,3
0,↑ > |2

ω − E3−,3
s,0 + E3−,2

s,sz=1 + i δ
=

(uN=3−

s,− )2

ω − ǫN=3−
s,− + i δ

(171)

We see that as expected, this representation gives equivalent results to the one-particle representation for N =
1−, 2−, 3− whenever we consider the total Gs,σ = Gs,R,σ+Gs,A,σ. Indeed now it is easier to identify which excitations
are linked to the addition and which to the removal of an electron.

7. SYMMETRIC CASE

Although the symmetric case is just a particular case, it let us write explicit expressions for the quasi-particle
energies. The symmetric Hubbard dimer has been indeed already solved in chapter 1 using our method based on the
constrained search. We will anyway proceed again using the interpolative method outlined in this chapter in order to
check that yields the same results. Here we have ∆n = ∆v = 0, so the procedure is simplified and we drop ∆n and
∆v.
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N TN
s [U ] FN [U ] EN

s [U ]

0 0 0 0
1 −t −t t
2 −2 t U− U− + 2 t
3 −t U − t U
4 0 2U 2U

TABLE IV: TN
s , FN and EN

s for the symmetric Hubbard dimer.

A. Fractional N functionals

Using the interpolative method, we can find that the analytical expresions for F , Ts, and Es for fractional particle
numbers. We need first their expressions for integer N , which are summarized in the table IV, where we use the

shorthand U± = U
2 ±

√

(

U
2

)2
+ (2 t)2.

Then we find that,

FN=ω[U ] = ω FN=1 = −N t (172)

TN=ω
s [U ] = −N t (173)

EN=ω
s [U ] = 0 (174)

FN=1+ω[U ] = (1− ω)FN=1 + ω FN=2 = −(2−N ) t+ (N − 1)U− (175)

TN=1+ω
s [U ] = (1− ω)TN=1

s + ω TN=2
s = −N t (176)

EN=1+ω
s [U ] = (N − 1) (U− + 2 t) (177)

FN=2+ω[U ] = (1− ω)FN=2 + ω FN=3 = (3−N )U− + (N − 2) (U − t) (178)

TN=2+ω
s [U ] = (1− ω)TN=2

s + ω TN=3
s = −(4−N ) t (179)

EN=2+ω
s [U ] = (N − 3) (U+ − 2 t) + U (180)

FN=3+ω[U ] = (1− ω)FN=3 + ω FN=4 = −(4−N ) t+ (N − 2)U (181)

TN=3+ω
s [U ] = (1− ω)TN=3

s + ω TN=4
s = −(4−N ) t (182)

EN=3+ω
s [U ] = (N − 2)U (183)

B. Kohn-Sham potentials, potential discontinuities, eigenenergies and eigenstates

The Fig. 1 shows EN
s [∆n] around ∆n = 0 for several N and U = 5 t. The figure demonstrates that ∆n = 0 is a

line of minima of EN
s [∆n]. As a consequence, ∆vNs [∆n = 0] = 0, and the on-site KS potentials are

vNs,1 = vNs,2 = v̄Ns =
∂Es
∂N (184)

Using the expressions detailed above, we can write explicitly the KS potentials as

v̄N=ω
s = 0 (185)

v̄N=1+ω
s = U− + 2 t (186)

v̄N=2+ω
s = U+ − 2 t (187)

v̄N=3+ω
s = U (188)

Using the above results for v̄Ns , the KS eigenvalues are simply calculated as,

ǫNs,± = v̄Ns ± t (189)

The values are given in the table V. The KS eigenstates are simply bonding/anti-bonding states for any N :

|φNs,±〉 =
1√
2
(|1〉 ∓ |2〉) (190)
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FIG. 1: Function EN
s [∆n] evaluated around ∆n = 0 for several N and U = 5 t.

N [0, 1) (1, 2) (2, 3) (3, 4]

ǫs,− −t U− + t U+ − 3t U − t
ǫs,+ t U− + 3t U+ − t U + t

TABLE V: Kohn-Sham eigenvalues for the symmetric Hubbard dimer.

The KS potentials are continuous at fractional N , and jump discontinuously whenever N reaches an integer value.
The Fig. 2 shows a plot of ∆N

xc for N = 1 and 2 as a function of U . We then define the potential discontinuities at
integer values as

∆N
xc = v̄N=N+

s − v̄N=N−

s (191)

∆N=1
xc = U− + 2 t (192)

∆N=2
xc =

√

U2 + (4 t)2 − 4 t (193)

∆N=3
xc = U− + 2 t (194)

Similar to the potentials, the KS eigenenergies and eigenstates are continuous at fractional N , and jump discontinu-
ously whenever N reaches an integer value. It is easy to check that these energy discontinuities can be quantified in
terms of the potential discontinuity as

∆N
xc = ǫN=N+

s,+ − ǫN=N−

s,+ = ǫN=N+

s,− − ǫN=N−

s,− (195)

C. Green’s Functions at integer particle numbers N

We analyse in this section the quasi-particles and quasi-holes of the MB and KS systems by looking at the poles of
the GFs, whose general expressions are given in section 2C above and we repeat below. In the symmetric case there
are however extra simplifications for the KS GFs because the results do not depend on the site considered, so that
GN

s,1,σ(ω) = GN
s,2,σ(ω) = GN

s,σ(ω) and the Bogoliubov coefficients uNs,± = 1/2.
We start with the KS GFs. We believe it is better to use the Ns-particle representation in order to unentangle the
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FIG. 2: Potential discontinuity ∆N=1
xc and ∆N=2

xc as a function of U for the symmetric case.

GFs again into spin-dependent addition and removal bits; we will write the results for N = N−
s ,

GN=1−

s,A,↑ =
1/2

ω − t+ i δ
(196)

GN=1−

s,R,↑ =
1/2

ω + t+ i δ
(197)

GN=1−

s,A,↓ =
1/2

ω + t+ i δ
+

1/2

ω − t+ i δ
(198)

GN=1−

s,R,↓ = 0 (199)

GN=2−

s,A,σ =
1/2

ω − U− − 5 t+ i δ
(200)

GN=2−

s,R,σ =
1/2

ω − U− − t+ i δ
(201)

GN=3−

s,A,↑ = 0 (202)

GN=3−

s,R,↑ =
1/2

ω − U− + 3 t+ i δ
+

1/2

ω − U− + t+ i δ
(203)

GN=3−

s,A,↓ =
1/2

ω − U− + t+ i δ
(204)

GN=3−

s,R,↓ =
1/2

ω − U− + 3 t+ i δ
(205)

The MB GFs are

GN=1
A,↑ (ω) =

1/2

ω − t+ i δ
(206)

GN=1
R,↑ (ω) =

1/2

ω + t+ i δ
(207)

GN=1
A,↓ (ω) =

1/4 (1 + 4 t/
√
U2 + 16 t2)

ω − U− − t+ i δ
+

1/4

ω − t+ i δ
+

1/4

ω − U − t+ i δ
+

1/4 (1− 4 t/
√
U2 + 16 t2)

ω − U+ − t+ i δ
(208)

GN=1
R,↓ (ω) = 0 (209)

Here |ψ2
α,sz=0〉 denote all the ground and excited states at N = 2 having sz = 0. The GFs GN=2 for N = 2 are
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G↑ G1
A,↑ G1

R,↑ G2
A,↑ G2

R,↑ G3
A,↑ G3

R,↑

MB t −t
U+ − t
U+ + t

U− − t
U− + t

-

U− − t
−t

U − t
U+ − t

KS, N− t −t U− + 3 t U− + t -
U+ − 3 t
U+ − t

KS, N+ U− + 3 t U− + t U+ − t U+ − 3 t -
U − t
U + t

G↓ G1
A,↓ G1

R,↓ G2
A,↓ G2

R,↓ G3
A,↓ G3

R,↓

MB

U− + t
t

U + t
U+ + t

-
U+ − t
U+ + t

U− − t
U− + t

U + t U − t

KS, N− −t
t

- U− + 3 t U− + t U+ − t U+ − t

KS, N+ U− + t
U− + 3 t

- U+ − t U+ − 3 t U + t U + t

TABLE VI: Many-body, SOFT and KS Green’s-function poles providing the quasi-particle and quasi-hole spectrum. We choose
the spin− ↑ ground state at particle numbers N = 1, 3. The ionization energy IN0 and electron affinities AN

0 are written in
green and red for each particle number. We use the same colors for the corresponding KS poles (eigenstates) to highlight the
fullfilment of Koopman’s theorem as discussed in the text below.

spin-indepenedent. For N = 2 we have

GN=2
A,σ (ω) =

1/4 (1 + 4 t/
√
U2 + 16 t2)

ω − U+ + t+ i δ
+

1/4 (1− 4 t/
√
U2 + 16 t2)

ω − U+ − t+ i δ
(210)

GN=2
R,σ (ω) =

1/4 (1 + 4 t/
√
U2 + 16 t2)

ω − U− − t+ i δ
+

1/4 (1− 4 t/
√
U2 + 16 t2)

ω − U− + t+ i δ
(211)

The GFs GN=3 for N = 3 have a similar structure to GN=1:

GN=3
A,↑ (ω) = 0 (212)

GN=3
R,↑ (ω) =

1/4 (1 + 4 t/
√
U2 + 16 t2)

ω − U+ + t+ i δ
+

1/4

ω − U + t+ i δ
+

1/4

ω + t+ i δ
+

1/4 (1− 4 t/
√
U2 + 16 t2)

ω − U− + t+ i δ
(213)

GN=3
A,↓ (ω) =

1/2

ω − U − t+ i δ
(214)

GN=3
R,↓ (ω) =

1/2

ω − U + t+ i δ
(215)

We compare in table VI the MB and KS quasi-particle and quasi-hole energies (remember: we chose the ground state
at N = 1, 3 to have spin-↑). Note that the slots AN=3

↑,α are empty because the Pauli exclusion principle forbids adding

a third spin-↑. Similarly, the slot IN=1
↓,α is empty because it is not possible to anihilate a spin-↓ in the ground state at

N = 1. We also show the KS poles evaluated at N+ in order to verify that AN = −ǫN=N+

s,LUMO. This table is equivalent

to the table II in chapter 1 (for N = 1, 2) in which we shown the QP of the symmetric Hubbard model at N = 1, 2.
Those results were found using our constrained search method; the coincidence of results proves that such method
works properly.
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D. Ionization potential, electron affinity and Koopman’s theorem

The ionization potential and the electron affinities can explicitly be calculated now (remember our choice of the ↑
partner of the Kramers doublets at N = 1, 3) as

AN=0
σ = IN=1

↑ = t (216)

AN=1
↓ = IN=2

σ = −U− − t (217)

AN=2
σ = IN=3

↑ = −U+ + t (218)

AN=3
↓ = IN=4

σ = −t− U (219)

AN corresponds to the lowest-energy quasi-particle pole (in GA) and is highlighted in red in table VI. Similarly, IN

corresponds to the highest-energy quasi-hole pole (in GR) in the table, and is highlighted in green. The table shows
that the KS estimate for these magnitudes agrees with the MB values as they should because there are differences

between ground state energies. This is not the case for AN=1
↑,0 because the creation operator ĉ†↑ generates the | ↑↑〉

Sz = +1 spin-triplet excited state. Similarly, the KS and MB estimates for IN=3
↓,0 are different because the annihilation

operator ĉ↓ generates the same | ↑↑〉 Sz = +1 spin-triplet excited state.
INσ and AN

σ also satisfy Koopmans’ theorem. To verify this statement, we may look at the right poles of the KS
GFs GN

s . We have highlighted them in table VI:

− IN=1
↑ = ǫN=1−

s,− = −t (220)

−AN=1
↓ = ǫN=1+

s,− = ǫN=2−

s,− = U− + t (221)

−IN=2
σ = ǫN=2−

s,− = U− + t (222)

−AN=2
σ = ǫN=2+

s,+ = ǫN=3−

s,+ = U+ − t (223)

−IN=3
↑ = ǫN=3−

s,+ = U+ − t (224)

−AN=3
↓ = ǫN=3+

s,+ = ǫN=4−

s,+ = U + t (225)

We illustrate Koopmans’ theorem for N = 2 in Fig. 3. The theorem for IN=2
σ and AN=2

σ is obeyed if we choose the
KS eigenvalues for N = 2− and N = 2+, respectively.

E. Many-Body gaps

The MB gaps are

IN=1
↑ −AN=1

↓ = U− + 2 t (226)

IN=2
σ −AN=2

σ = −2 t+
√

U2 + (4 t)2 (227)

IN=3
↑ −AN=3

↓ = U− + 2 t (228)

We can compare these with the KS gaps, which are just given by,

IN=1
s,↑ −AN=1

s,↓ = 0 (229)

IN=2
s,σ −AN=2

s,σ = 2 t (230)

IN=3
s,↑ −AN=3

s,↓ = 0 (231)

We find that only when U = 0 both results are equivalent. Furthermore, the KS gap is much lower than the true
gap as U increases. This shows how the symmetric limit is incorrectly described in terms of the gap when strong
correlations are included.

8. DISCUSSION OF THE ASYMMETRIC CASE

The general asymmetric case can be only solved analytically in the particle number rangesN ⊂ [0, 1) andN ⊂ (3, 4].
A numerical procedure can be however easily implemented in the interval N ⊂ [1, 3]. The asymmetric case adds new
interesting insights on the accuracy of the KS approach as we will see.
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FIG. 3: Electron affinity AN=2
σ and the ionization potential IN=2

σ plotted for the symmetric case as a function of U with 2 t = 1.

The left panel also shows ǫN=2
−

s,− = ǫN=2
−

s,HOMO and ǫN=2
−

s,+ = ǫN=2
−

s,LUMO, while the right panel shows ǫN=2
+

s,HOMO and ǫN=2
+

s,LUMO.

FIG. 4: Plot of −AN=2
σ and −IN=2

σ as a function of ∆v, with U = 1 and 2 t = 1. KS eigenvalues ǫN=2
±

s,HOMO and ǫN=2
±

s,LUMO are

plotted in the left (N = 2−) and right (N = 2+) panels.

A. Ionization potential, electron affinity and the Koopmans’ theorem. Estimation of the fundamental gap.

1. N = 2

We show in Figs. 4 and 5 numerical results for IN=2
σ , AN=2

σ and the KS eigenenergies at N = 2−, U = 1 and 5 for
several ∆v. The left panels of these figures show that in the Charge-Transfer regime U . ∆v the KS eigenenergies
are continuous at N = 2 and agree with IN=2

σ and AN=2
σ . In contrast, in the Mott-Hubbard regime U & ∆v, KS

eigenenergies are discontinuous, and only the Koopmans’ theorem is obeyed. As before, if we would consider the

eigenvalues for N = 2+ the result will be the opposite, that is, AN=2
σ = −ǫN=2+

s,LUMO (right panels).
Concering the fundamental gap, we find that the KS gap underestimates the true gap when the correlations are

strong but only when U > ∆v; a large asymmetry supresses the correlation effects and the estimated gap is basically
exact.

2. N = 1

For N = 1 we have to take care of the spin. We remind that we are considering a spin-↑ initial state. The left panels
of Figs. 6 and 7 show the results when we add/remove a second spin-↑ electron. We find that the KS description
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FIG. 5: Plot of −AN=2
σ and −IN=2

σ as a function of ∆v, with U = 5 and 2 t = 1. KS eigenvalues ǫN=2
±

s,HOMO and ǫN=2
±

s,LUMO are

plotted in the left (N = 2−) and right (N = 2+) panels.

FIG. 6: Left: Plot of −AN=1
↑ and −IN=1

↑ and KS eigenvalues ǫN=1
−

s,HOMO,↑ = ǫN=1
−

s,LUMO,↓ and ǫN=1
−

s,LUMO,↑. Right: −AN=1
↓ and KS

eigenvalue ǫN=1
+

s,LUMO,↓ = ǫN=1
+

s,HOMO,↑. The magnitudes are plotted as a function of ∆v, with U = 1 and 2 t = 1.

is exact as the KS ↑-HOMO and ↑-LUMO evaluated at N = 1− correspond to minus the ionization potential IN=1
↑

and the electron affinity AN=1
↑ respectively. If we would consider just the gap for electrons with same spin, the KS

band gap is then obviously exact; as the Hubbard model does not consider any electron-electron interaction between
electrons with the same spin there are no correlations and the KS description becomes exact. On the other hand, if
we add a spin-↓ electron (right panels) there is a finite interaction and correlation. As the removal of a spin-↓ electron
has no sense, the MB spectrum will only include excitations related with electron addition. In this case, there is no
ionization potential. On the other hand, the KS ↓-LUMO obtained for N = 1+, represented in the right panels, fits
the electron affinity AN=1

↓ showing that the Koopmans’ theorem is obeyed.

Finally we will analyze the fundamental gap that we remind in this case is defined as IN=1
↑ −AN=1

↓ . We find that

the KS gap is always zero because ǫN=1±

s,HOMO = ǫN=1±

s,HOMO,↑ = ǫN=1±

s,LUMO,↓ = ǫN=1±

s,LUMO. On the other hand, the true gap

is finite according to Eq. (55) except for U = 0. Thus, only in the limit U → 0 the KS gap is accurate. We also
observe in the Fig. ?? that this time in the Charge-Transfer limit ∆v >> U the KS gap is not correct because the
exact value goes as EN=1

g [∆v/U >> 1] = U . This has a direct relation with the derivative discontinuity as we will
see below.
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FIG. 7: Left: Plot of −AN=1
↑ and −IN=1

↑ and KS eigenvalues ǫN=1
−

s,HOMO,↑ = ǫN=1
−

s,LUMO,↓ and ǫN=1
−

s,LUMO,↑. Right: −AN=1
↓ and KS

eigenvalue ǫN=1
+

s,LUMO,↓ = ǫN=1
+

s,HOMO,↑. The magnitudes are plotted as a function of ∆v, with U = 5 and 2 t = 1.

FIG. 8: Plot of −AN=1
↓ and −IN=1

↑ defining the fundamental gap, and the KS eigenvalues ǫN=1
−

s,HOMO = ǫN=1
−

s,LUMO as a function
of ∆v for U = 1 (left) and U = 5 (right), and 2 t = 1.

B. Derivative discontinuity

The derivative discontinuities have been calculated using the definition,

∂Exc

∂N

∣

∣

∣

∣

N+

− ∂Exc

∂N

∣

∣

∣

∣

N−

= ∆N
xc (232)

This is equivalent to,

v̄N=N+

xc − v̄N=N−

xc = ∆N
xc (233)

with the usual definition, v̄xc = (vxc,1 + vxc,2)/2. On the other hand we know that,

v̄N=N±

s = v̄N=N±

xc + v̄N=N±

H + v̄ (234)

As we are working with v̄ = 0 and noticing that v̄N=N±

H = v̄NH , Eq. (233) can be rewritten as,

v̄N=N+

s − v̄N=N−

s = ∆N
xc (235)

This is the expression we use for the calculation of the derivative discontinuity. We can find an equivalent expression
for for fixed ∆v,

ǫN=N+

s,± − ǫN=N−

s,± = ∆N
xc (236)
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This is because by definition,

ǫN=N±

s,± = v̄N=N±

s ± 1

2

√

(∆vN=N±

s )2 + 4 t2 (237)

With fixed ∆v we have fixed ∆vN=N±

s and thus the square root cancels when substracting. Take note that ∆vN=N±

s

does not change when we go from N = N− to N = N+ because we are fixing ∆v and thus ∆n, and ∆vs =
−1/2 (∂Es/∂∆n).
In chapter 2 we analyzed a KS potential discontinuity that appears even for fixed N particle numbers in strongly

correlated systems and that have an important role on the correct description of the dissociation limit of a molecule.
That discontinuity was related with the abrupt change of the slope of the correlation energy at half-filling occupations
(∆n = n1 − n2 = 0). The discontinuity we analyze here is instead important for the correct estimation of the
fundamental gap.
In the Fig. 9 are represented the derivative discontinuities at N = 1 and N = 2 for different U .

1. N = 2

We see in Fig. 9 (down) that the derivative discontinuity goes to zero at N = 2 in the Charge-Transfer regime.

This is consistent with the fact that the KS gap is exact in that limit. In that case we have that ǫN=2+

s,± − ǫN=2−

s,± →
0 and ǫN=2−

s,LUMO → ǫN=2+

s,LUMO = −AN=2
σ . As the Koopmans’ theorem applies, the KS gap matches the true gap:

ǫN=2−

s,LUMO − ǫN=2−

s,HOMO = −AN=2
σ + IN=2

σ .
On the other hand, the Mott-Hubbard regime where correlations are strong compared with the other energy terms

the discontinuity is always finite, with a maximum at ∆v = 0. Evenmore, the magnitude increses with U . As expected,
we can verify that EN=2

g = EN=2
s,g +∆N=2

xc .

2. N = 1

It is not difficult to see in Fig. 9 (up) that ∆N=1
xc = EN=1

g because the KS gap is zero. Here we always have a
finite derivative discontinuity even for ∆v >> U whenever U > 0. Indeed the maximum value of the discontinuity
is reached at such limit where ∆N=1

xc → U . The Charge-Transfer regime with one electron can be approximated by
the single-site Anderson-Hubbard model that we analyzed in chapter 1, section 3. The large asymmetry makes the
electron to be almost fully located at the site with the lowest potential. When a second electron with the opposite
spin is added, the large asymmetry pushes it to go to the same site, thus increasing the energy of the system in U .
In the single site model the correlation energy goes as U (N − 1) θ(N − 1) where θ(x) is the step function. Thus
the derivative discontinuity is precisely U . This is just an approximation because we are not taken into account any
variation of the kinetic correlation as this is not present in the single-site model; however this variation is almost
negligible when ∆v >> t. With this analogy we basically explain the value of the derivative discontinuity in the
Charge-Transfer regime.
On the other hand, the lowest error in the estimation of the gap is obtained in the Mott-Hubbard regime; this error

increases with the value of U . In general we find that for odd N there will be always an error in the estimation of
the gap except in the limit of a non-interacting system. This behaviour is much different to the case of even N as we
have seen.

9. SPECTRAL FUNCTIONS

In this section we analyze the MB and KS spectral functions for N = 1, 2. This will let us not only to confirm that
the Koopmans’ theorem is valid here, but also to see how the KS method approximate all the excitations.

A. N = 2

In the Fig. 10 we can see the spectral function for N = 2. The height of the different peaks is proportional to the
pole weight. If we concentrate on the left figures, which correspond to the KS description, we find that, as expected,
the Koopmans’ theorem is followed as gives a peak at −I. However the KS description provides only two poles while



84

FIG. 9: Plot of the derivative discontinuity ∆N
xc as a function of ∆v for N = 1 (up) and N = 2 (down). They are represented

the systems with U = 1 (left) and U = 10 (right).

the MB one has four. Furthermore, when U >> ∆v (panel a1) the second KS pole, which defines the KS LUMO,
does not match the many body peak. This is not surprising since KS is built to reproduce exactly the ground state
energy but the excited states does not have to be correct. However even with this restriction in the Charge-Transfer
regime where U << ∆v the KS LUMO approaches the true MB peak both in position and weight as can be seen in
panel (a2).

B. N = 1

For N = 1 things are a bit different because there is no spin degeneracy. We will keep the previous reference state
with one spin-↑ electron for clarity. If we focus on the spectral function obtained from GN=1

↑ and represented in Fig.

11, we find that irrespective of the ∆v/U ratio, the KS Green’s function matches the true one both in pole positions
and weights ((a1) and (a2) panels). This is not surprising and indeed we have already found this result in our analysis
of the ionization potentials and electron affinities; adding an electron with the same spin involves no interactions and
so the MB and KS representations are equivalent. On the other hand if we check the spectral function corresponding
to GN=1

↓ (Fig. 12, panels (a1) and (a2)), we find not so good results, but we also expect this after the discussion
of the band gap. As it is not possible to remove a spin-↓ electron, our spectrum only contains QP related with the
addition of such electron. There is no ionization potential and the KS HOMO does not have to fit any of the MB
peaks, as is the case. We see however that the KS excited state matches the MB peak corresponding to the transition
to the triplet |t0〉.

10. CONCLUSIONS

In this chapter we have covered the important topic of estimating the real gap of a strongly correlated system using
the KS approximation. In order to obtain the KS spectrum we have had to extend the definition of the functional to
fractional particle numbers. The analysis developed has been rather technical but has produced important insights.
We have confirmed that the Koopmans’ theorem is still true irrespective of the correlations incorporated to our lattice
model. The first ionization potential is correctly described by the KS HOMO evaluated at N− whereas the electron
affinity is given by the KS LUMO evaluated at N+.

However, even an exact KS theory is unable to find a good approximation to the gap when the correlation energy of
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FIG. 10: Plot of the MB GF GN=2
σ in blue and KS GF GN=2

−

s,σ in red. Left panel: U = 1 and ∆v = 0. Right panel (a2): U = 1
and ∆v = 2.

FIG. 11: Plot of the MB GF GN=1
↑ in blue and KS GF GN=1

−

s,↑ in red. Left panel: U = 1 and ∆v = 0. Right panel (a2): U = 1
and ∆v = 2.

the system dominates. The results derived confirm the conclusions obtained in chapter 1 for the symmetric Anderson-
Hubbard dimers where we found that an exact KS theory of these models is always incomplete. We have verified
that the KS gap is smaller than the true gap. There are exceptions to this rule as we may basically recover the exact
excitation spectrum and the fundamental gap for N = 2 whenever we have a system with a large asymmetry. This
should not surprise us because in the previous chapter we found that SOFT as well as other approximations such
as Mean-Field or Bethe-ansatz LDA become almost exact in the Charge-Transfer regime for N = 2. The same is
however not achieved for N = 1 (odd) where it is in the Charge-Transfer regime where we find the largest errors in
the estimated gap; here it is in the Mott-Hubbard regime where we obtain the minimum error.
We want to stress again as we did in the conclusions of the previous chapter that we have found the exercise

developed here very useful and instructive in order to understand how the KS description works when it is used to
estimate important magnitudes such as the excitation spectrum of a system, the band gap, etc. Although we have
worked with simple models the results produced are not trivial at all and may be very helpful to find out new routes
to improve the accuracy of the KS method in the description of strongly correlated systems, or at least to build novel
strategies to face the issues behind this effort. The comparison with real-space systems may not be straightforward
but we believe that it might be possible to extract very useful conclusions if the analysis done is extended to other
more ”realistic” lattice models such as the Hubbard chain to say one. Tight-binding models have shown in the past
their ability to describe the physics of superconductors or more recently of topological insulators and we think that
now they can be used as prototypes to find new ways to improve the KS description of the nature at the atomic and
molecular level.
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FIG. 12: Plot of the MB GF GN=1
↓ in blue and KS GF GN=1

−

s,↓ in red. Left panel: U = 1 and ∆v = 0. Right panel (a2): U = 1
and ∆v = 2.

APPENDIX A: COLLECTION OF ALL MB STATES AND ENERGIES

We will use the basis |1 ↑, 1 ↓, 2 ↑, 2 ↓> to define the eigenstates.

1. Kets and energies

a. N = 1

|ψN=1
0,↑ > = u− |1000 > +u+ |0010 >; EN=1

0 ↑ = −R (A1)

|ψN=1
1,↑ > = u+ |1000 > −u− |0010 >; EN=1

1 ↑ = R (A2)

|ψN=1
0,↓ > = u− |0100 > +u+ |0001 >; EN=1

0 ↓ = −R (A3)

|ψN=1
1,↓ > = u+ |0100 > −u− |0001 >; EN=1

1 ↓ = R (A4)

with,

u± =
1√
2

(

1∓ ∆v
√

(∆v)2 + 4 t2

)1/2

(A5)

We remind that R =

√

(

∆v
2

)2
+ t2

b. N = 2

Singlets (i = 0− 2),

|ψN=2
i >= β+

i |1100 > +αi |1001 > −αi |0110 > +β−
i |0011 > (A6)

with energies,

EN=2
0 =

2

3
(U − r sin(θ + π/6)) (A7)

EN=2
1 =

2

3
(U + r sin(θ − π/6)) (A8)

EN=2
2 =

2

3
(U + r cos θ) (A9)
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and

αi = −2 t (U − Ei)

Ei |ψN=2
i | (A10)

β±
i =

U − Ei ±∆v

|ψN=2
i | (A11)

〈ψN=2
i |ψN=2

i 〉 = |ψN=2
i |2 = 2

[

∆v2 + (EN=2
i − U)2

(

1 +

(

2 t

EN=2
i

)2
)]

(A12)

Definitions of r and θ are given in the section 1 of chapter 2.
Triplets,

|ψN=2
3 > =

1√
2
(|1001 > +|0110 >) (A13)

|ψN=2
4 > = |1010 > (A14)

|ψN=2
5 > = |0101 > (A15)

All have energy EN=2
3,4,5 = 0.

c. N = 3

|ψN=3
0,↑ > = u− |1110 > −u+ |1011 >; EN=3

0 ↑ = U −R (A16)

|ψN=3
1,↑ > = u+ |1110 > +u− |1011 >; EN=3

1 ↑ = U +R (A17)

|ψN=3
0,↓ > = u− |1101 > −u+ |0111 >; EN=3

0 ↓ = U −R (A18)

|ψN=3
1,↓ > = u+ |1101 > +u− |0111 >; EN=3

1 ↓ = U +R (A19)

2. MB weights and poles

Here we give the MB weights and poles.

a. N = 1

The ground state is given by (we set the spin σ =↑),

|ψN=1
0↑ >= u− |1000 > +u+ |0010 > (A20)

The weights and poles of the Green’s function are given by,

| < ψN=2
4 |ĉ†1↑|ψN=1

0↑ > |2 = u2+; ω = −R (A21)

| < ψN=2
i=0,1,2|ĉ†1↓|ψN=1

0↑ > |2 = (αi u+ + β+
i u−)

2; ω = −R− EN=2
i (A22)

| < ψN=2
3 |ĉ†1↓|ψN=1

0↑ > |2 =
u2+
2
; ω = −R (A23)

| < 0000|ĉ1↑|ψN=1
0↑ > |2 = u2−; ω = R (A24)

| < 0000|ĉ1↓|ψN=1
0↑ > |2 = 0; ω = R (A25)

It can be checked that,

∑

i

| < ψN=2
i |ĉ†1σ|ψN=1

0↑ > |2 + | < 0000|ĉ1σ|ψN=1
0↑ > |2 = 1 (A26)
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b. N = 2

The ground state is given by,

|ψN=2
0 >= β+

0 |1100 > +α0 |1001 > −α0 |0110 > +β−
0 |0011 > (A27)

The weights and poles of the Green’s function are given by,

| < ψN=3
0,↑ |ĉ†1σ|ψN=2

0 > |2 = (α0 u− + β−
0 u+)

2; ω = EN=2
0 − U +R (A28)

| < ψN=3
1,↑ |ĉ†1σ|ψN=2

0 > |2 = (−α0 u+ + β−
0 u−)

2; ω = EN=2
0 − U −R (A29)

| < ψN=1
0,↓ |ĉ1σ|ψN=2

0 > |2 = (α0 u+ + β+
0 u−)

2; ω = −(R+ EN=2
0 ) (A30)

| < ψN=1
1,↓ |ĉ1σ|ψN=2

0 > |2 = (−α0 u− + β+
0 u+)

2; ω = R− EN=2
0 (A31)

(A32)

It can be checked that,

∑

α

(| < ψN=3
α,↑ |ĉ†1σ|ψN=2

0 > |2 + | < ψN=1
α,↓ |ĉ1σ|ψN=2

0 > |2) = 1 (A33)

c. N = 3

The ground state is given by (we set the spin σ =↑),

|ψN=3
0↑ >= u− |1110 > −u+ |1011 > (A34)

The weights and poles of the Green’s function are given by,

| < 1111|ĉ†1↑|ψN=3
0↑ > |2 = 0; ω = −(U +R) (A35)

| < 1111|ĉ†1↓|ψN=3
0↑ > |2 = u2+; ω = −(U +R) (A36)

| < ψN=2
3 |ĉ1↑|ψN=3

0↑ > |2 =
u2−
2
; ω = R− U (A37)

| < ψN=2
i=0,1,2|ĉ1↑|ψN=3

0↑ > |2 = (αi u− + β−
i u+)

2; ω = EN=2
i − U +R (A38)

| < ψN=2
4 |ĉ1↓|ψN=3

0↑ > |2 = u2−; ω = R− U (A39)

It can be checked that,

∑

i

| < ψN=2
i |ĉ1σ|ψN=3

0↑ > |2 + | < 1111|ĉ†1σ|ψN=3
0↑ > |2 = 1 (A40)
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CHAPTER 4: Magnetic anisotropies in 3d/5d organometallic molecules and its

possible application as molecular bits

The superparamagnetic limit is a severe physical restriction to the ongoing miniaturization of
high density magnetic storing devices. In the last decades, the Moore‘s law has been satisfied with
ever increasing density growth rates that at the beginning of the 21st century have reached values
of 100%. However, we are at the point in which thermal fluctuations become important and the
probability of magnetization reversal events increases dramatically. The current technology is based
on the use of thin sheet material made of small multigrained single domains that are reaching the
limit of further development. Different alternatives such as the use of single molecular magnets or
clusters of transition metal atoms to the reduce the size of a physical bit are hot topics in the current
research. It is known that heavy metal dimers may show huge magnetic anisotropies provided by
a strong spin-orbit coupling (SOC). In this work we analyze the magnetic properties of several
organometallic molecules based on 3d and particularly 5d elements. The objective is to asses if such
systems can exhibit huge magnetic anisotropies as a consequence of the SOC and can be considered
as candidates to overcome the superparamagnetic limit at room temperatures. We will find that
in general this is not the case due to the orbital quenching produced when the d-orbitals hybridize
with the p-orbitals of the organic atoms. The exception is found for molecules such as di-iridium
bis-carbene for which some of the d-orbitals do not hybridize and keep their orbital momentum
intact. In such cases they are obtained magnetic anisotropies in the range of 75 meV with blocking
temperatures of the order of 21 K for lifetimes close to 300 years.

1. INTRODUCTION

A. Superparamagnetic limit in storage devices

The areal density for information storage on magnetic media, especially hard disk memory, has had an exponential
increase over the last three decades [1–5]. The density growth rates are 30% per year for 1970-1990 and 60% per
year since 1990 [3]. At the beginning of the 21st century this rate has reached a magnitude of100% with the use of
giant magnetoresistive (GMR) reading sectors. However this tendency is very close to arrive at a dead point because
thermal effects are becoming important at such small bit sizes and the signal to noise ratio will reach unacceptable
low values.
The current technology for data storing is based on the use of a thin sheet material made of small multigrained

single domains with independent magnetization direction. The bit shape is rectangular with the short direction (bit
length) parallel to the recorded track, the direction of motion, and the longer dimension (bit width) perpendicular
to the track dimension. A reduction of the bit size implies a smaller number of grains per bit so that there is a
convergence between bit and grain sizes. At this point thermal instabilities come into play and the lifetime of the
bit magnetization is drastically reduced. The problem described is well known by the medium designer community
as the superparamagnetic limit: the hysteresis loops measured in a system suffering this problem will show the same
behaviour of a paramagnet.
We can understand the origin of the problem by considering a simple example. Let’s take a small uniaxial ferromag-

netic particle with a magnetic anisotropy characterized by an easy axis along the unique crystalline axis. The system
can have only two possible magnetization states in which the magnetic momentum is always parallel to the easy axis
but pointing in opposite directions. Any magnetization reversal from one to the other state implies the surmount
of the energy barrier derived from the magnetic anisotropy; we will assume that the magnitude of the barrier is of
the order of Eb = Ku V , where Ku is the anisotropy constant and V is the volume of the particle. The frequency of
magnetic reversal due to thermal fluctuations can be computed using an Arrhenius like law,

f = f0 e
−Eb/k T (1)

where f0 represents the number of assaults the magnetization makes on the barrier which is commonly of the order
of 10x s−1, where x is usually in the range of 9-10.
Considering an ensemble of these particles, the decay of magnetization will be linked to the frequency of reversal

of the individual grains. The magnetization after a given time for the ensemble may be written as,

M(t) =M(0) e−t/τ (2)

where τ is the lifetime of the state of one particle and is related with f as

τ =
1

f
=

1

f0
eEb/k T = 100.434 (Eb/k T−x/0.434) (3)
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Temperature (K) x=7 (meV) x=9 (meV)
100 338 377
200 675 755
300 1013 1132

TABLE I: Energy barrier for magnetic reversal required for a lifetime of 300 years at different temperatures. x = 7 is typical
of current molecular magnets such as Mn12 while x = 9 corresponds to magnetic bits.

FIG. 1: Evolution of dipolar and spin-orbit energy of a magnetic system according as a function of the volume. There exist a
critical volume below which the dipolar term is lower than the required blocking energy and magnetic reversal is easily realized
by thermal fluctuations. If a large spin-orbit interaction is added, the total anisotropy energy might reach the blocking energy
even in the atomic regime.

A minumum value for Eb/k T suitable for a magnetic recording material is around 50. Using x = 9 in Eq. (3), we
have that the mean lifetime of the magnetization is of the order of 104 years, which is a huge amount of time. If we
then consider a reduction of the volume of the magnetic bit just in a factor of 2, we have a new value for Eb/k T = 25,
only one half of the previous one, but enough to reduce drastically the lifetime of the magnet up to little more than
1 minute. This is an example of the constraints imposed by the superparamagnetic limit.

We can use Eq. (3) to estimate the order of magnitude of the energy barrier required to have a long lifetime at any
temperature. Considering a lifetime of the order of 1010 seconds (around 300 years), we obtain an energy barrier as
a function of the temperature like,

Eb = (log τ + x/0.434) k T = 44 k T (4)

In the table I are shown some results obtained considering x = 9, which is typical of current thin film technology,
and x = 7, which is in the range of certain molecular magnets such as the Mn12 molecule. We find that for room
temperatures the needed energy barriers to reach the given lifetime shall be of the order of 1 eV.
In large systems the dipolar energy is enough to provide the required energy barriers at room temperature. However,

as we can see in the Fig. 1, the dipolar energy decreases with the size of the system so that there exists a critical
volume below which the blocking energy is larger than the dipolar energy. To give some numbers, this critical size is
in the range of 25 nm for Fe, 20 nm for Mn-Zn ferrite particles and 10 nm for Co particles.

A possible way to be again above the blocking energy at small sizes is to consider systems with large spin-orbit
(SO) couplings. The figure shows how the SO energy dominates below the critical volume and can indeed be larger
than the blocking energy. Qualitatively this interaction increases as a function of the atomic number Z as shown
in Fig. 2. For transition metals series this increase is proportional to Z3 for 3d and 4d elements, and to Z2 for 5d
transition metals.
At this respect, there are several works that show how spin-orbit is a truly mechanism to enhance the MAE and thus

the magnetic reversal energy barrier. For example, Gambardella et al. [6] found anisotropies of the order of 5 meV in
single Co atoms and nanoparticles. Hirjibehedin et al. [7] on the other hand, found values around 2 meV for single
atomic spins embedded in surface molecular networks. Strandberg et al. [10, 11] used a projector-augmented-wave
approach in a plane wave basis and GGA and reported perpendicular anisotropy for Pd dimer (MAE=2.4 meV) and
Ni dimer (MAE=7 meV), and axial anisotropy for Co (MAE=30 meV) and Rh (MAE=45 meV) dimers. Fritsch et
al. [12] analyzed 3d and 4d dimers using the fully relativistic Dirac equation; in the case of Pd they obtained similar
results as other authors while for Co and Rh dimers the axial anisotropy magnitude derived was two times larger (50
meV for Co and 104 meV for Rh). For Ni dimers they predicted also axial anisotropy with MAE=11 meV.
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FIG. 2: Spin orbit strength for transition metals. The strength is proportional to Z3 except for 5d elements, for which the
dependence is on Z2 (red).

A deeper study was performed by Blonski and Hafner [16] who made calculations for transition metal atoms from
groups 8 to 10 of the Periodic Table, and by Fernandez-Seivane and Ferrer [8, 9] who concentrated on the study of
anisotropies on late transition metal atomic clusters, including Pd, Pt, Ir and Au dimers. They used a non-collinear
implementation of spin-density functional theory where spin-orbit is included self-consitently; additionally, Blonski
and Hafner used hybrid functionals and DFT+U hamiltonian to check the possible influence of orbital-dependent
electron-electron interactions. Blonski and Hafner found large axial magnetic anisotropies for Rh dimer (47 meV),
Os dimer (29 meV), Ir dimer (70 meV) and Pt dimer (46 meV) independent of orbital dependent U interactions.
Fernandez-Seivane and Ferrer found axial MAE=100 meV (LDA) for Ir dimer and MAE=220/75 meV (LDA/GGA)
for Pt dimer.
In general all the simulations agree in that the spin and the orbital momenta values are larger in the easy axis

orientation than in the hard plane case (and the opposite for hard axis/easy plane systems). There are several analysis
of the magnetic anisotropies induced by spin-orbit coupling using perturbation theory [43, 44]. Although for heavy
atoms with stronger spin-orbit coupling the perturbative treatment is limited, orbital and spin momenta anisotropy
still contribute to the MAE. We will find this characteristic in the organometallic molecules that will be analyzed in
the following sections.
Summarizing, the different theoretical studies developed recently show that spin-orbit interactions may give rise to

large MAE of the order of 100-200 meV in some cases mainly for 5d dimers.

B. Single molecular magnets

Molecular magnets are in some ways superior to nanoparticles, since they have a well defined number of atoms
with precise chemical identities, and do not suffer from particle number dispersion. Furthermore, molecules are not
so prone to conformational changes, since these require breaking a sizable number of covalent bonds, as opposed to
the metallic bonds of an atomic clusters. Finally, the chemical activity of molecules can be engineered by oxidation
or reduction, or by the attachment of end groups.
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FIG. 3: Magnetic relaxation mechanisms in single molecular magnets: (a) corresponds to direct quantum tunneling between
degenerated states and does not involve external energy, (b) implies the excitation by thermal fluctuations to the highest level
of the multiplet followed by de-excitation to the other well and (c) represents a mix between the two previous, with thermal
excitation to an intermediate state followed by quantum tunneling and de-excitation to the opposite ground state.

The single molecular magnets (SMM) are a class of organometallic molecules that show non zero magnetic mo-
mentum at low temperature. The first realization of this was found in Mn12 compounds [13] for which the magnetic
momentum is S=10 in the ground state with a large Ising magnetic anisotropy (for easy axis configurations). Similar
properties have been found in other compounds based on Fe, Ni and Cr. The physical properties of the molecular
magnets can be tuned by chemical synthesis. The spin dynamics may show quantum effects such as quantum tunneling
that leads to magnetization relaxation [14], and quantum phase interference [15].
The magnetic properties of the SMMs synthetized so far are the result of Ising type anisotropy provided mainly

by the crystal field interaction. This anisotropy implies that in the molecule there exist preferent orientations for
the spin momentum with a lower energy than for other orientations. The synthetized molecular magnets are thus in
principle good systems to be used as molecular bits, but the main problem is that they behave as superparamagnets:
the magnetic orientation only has long lifetimes at very low temperatures.

Molecular magnets may have several possible spin multiplets, one of which corresponds to the lowest energy. Still
for each multiplet may be several possible magnetic momentum configurations, but the anisotropy of the compound
fixes one of these configurations as the true ground state, lets say the state |m〉 with magnetic momentum m. The
ground state will be degenerated as both magnetic momenta m = ±s share the same energy if no external magnetic
field is applied. Large thermal fluctuations may produce spin flip events if the energy barrier between these states
is not high enough. There exist three known magnetic relaxation mechanisms with or without energy exchange with
the external world (mainly with phonons) [2] that are represented in the Fig. 3.
For a qualitative description of SMMs it is common the use of the spin hamiltonian approach. This approximation

was proposed by Pryze and has as characteristic that the orbital dependence is projected out. This is a good
approximation whenever the orbital momentum of the magnetic ions is essentially quenched and can be treated using
perturbations. This is the case of orbitally non-degenerated ground states. Spin hamiltonians work reasonably well
when describing the spin multiplet of lowest energy. They give also an easy way to represent the spin anisotropy of a
system.
The general expression for a spin hamiltonian is given by

Ĥ = S ·D · S (5)

where D is a real symmetric tensor that may include contributions from crystal field and spin-orbit (see annex A).
Considering that the D tensor has three orthogonal eigenvectors along the x, y, z, directions we have

Ĥ = DS2
z + E

(

S2
x − S2

y

)

(6)

where

D = Dzz −
1

2
Dxx − 1

2
Dyy; E =

1

2
(Dxx −Dyy) (7)

The previous expression gives a simplified way to analyze the magnetic anisotropy of single molecular magnets and
also to study the magnetic relaxation mechanisms cited in Fig. 3. A good review of these aspects can be found in
Ref. [2].
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2. METHODOLOGY

Up to now we have made an introduction of the main issues that the current technology must face if the size of
physical magnetic bits follows the current rate of reduction. The most important is the superparamagnetic limit in
which thermal fluctuations are able to overcome the blocking energies yielding spin flip events. We have analyzed a
possible solution to this issue through a clever design of molecules or atomic aggregates with large magnetic anisotropy
provided by a strong spin-orbit interaction. In the following chapters we will analyze the magnetic properties and
anisotropies of several molecules by determining the energies associated to different magnetic momentum orientations.
In this section we will present the techniques used to find out these energies and how the information obtained can
be linked with the MAE and the blocking energy.

A. The SIESTA software

The final goal of our analysis is to determine the energies corresponding to different magnetic momentum orientations
in order to be compared. But before this computation we have carried out a first step consisting on the force relaxation
of the geometry of the molecules looking for their lowest configurational energy.

All these works have been developed using SIESTA [23]. This software based on DFT uses compact numerical
atom-centered basis functions with strict spacial confinement; this property allows the distinction between cases of
isolated molecules or clusters, chains, slabs or crystal cases with periodic boundary conditions. SIESTA is perfect
for calculations involving low-symmetric structures as is the case of molecular magnets. Furthermore, the spin-
orbit interaction is also implemented and calculated self-consistently in combination with non-collinear options [24],
affecting also forces and molecular dynamic relaxation [24]. It uses norm-conserving potentials and the basis set
is based on localized functions allowing the incorporation of hard pseudopotentials to have a better description of
transition metals.
A short description about the method used to calculate the orbital angular momentum in SIESTA is detailed in

the annex B.

1. Initial settings and relaxation of molecules

We have used a triple-zeta doubly polarized basis set for transition metal ions, and a double-zeta polarized basis set
for the carbon, nitrogen and hydrogen atoms. We took between 5 and 10 different initial seeds for the geometry/spin
arrangements in our sampling of the Hilbert space of each quantum system to ensure that we would reach the ground
state configuration. We have confirmed that the Local Density and the Generalized Gradient approximations (LDA
and GGA, respectively) [20, 21] shed the same results for the ground state and first excited isomers of all the molecules,
with only small quantitative differences.
We have used a very fine grid (500 Ry) for the real space integrals to ensure that egg-box effects were absent. For

systems with large spin-orbit interactions this issue is specially important to consider. Also, we have made use of large
boxes to be sure that there are no spurious boundary effects of the electric field. We found it essential to set a rather
strict tolerance of 5× 10−4 eV/Å in the force relaxation procedure of the atoms, in order to scape from local minima
of the energy landscape. At this point it is interesting to indicate that for some cases the magnetic properties of the
molecules are different for unrelaxed geometries with respect to relaxed ones. In general, unrelaxed geometries may
show a non vanishing magnetic momentum that is later quenched when the force relaxation is achieved. This may
be explained in terms of Jahn-Teller or magnetostrictive distortions because the initial unrelaxed geometries have a
higher symmetry that is lowered during the relaxation yielding to spin splitting and singlet ground states.

B. Estimation of magnetic anisotropies

DFT does not provide direct information about the eigenstates of multi-determinantal states and thus it is necessary
to find other strategies to find a good approximation to the MAE and/or the energy barriers for spin-flip. In the
section 1B, we have introduced the notion of spin hamiltonians which give reasonably good results in the estimation
of those energies so it seems a interesting to find a link between expressions like (6) and the results provided by
SIESTA.
However we have to keep in mind that spin hamiltonians are mainly valid for systems in which there exist orbital

quenching. In general, we intend to find molecules with large spin-orbit interaction for which this assumption is not
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FIG. 4: Spin flip for a system with S = 1: following a rotation of the spin to an intermediate Sx state (a) and by jumping
the energy barrier between the two minima (b). Assuming axial symmetry along the z axis, the first process yields overcoming
the MAE of the system and requires less energy than the second process. The spin flip of (b) corresponds to the quantum
tunneling described in Fig. 3. This analysis can be extended to total angular momentum J = 1.

valid. In this case it is expected that the anisotropy is linked to the total angular momentum so we could modify the
expression (6) to have,

Ĥ = D Ĵ2
z + E

(

Ĵ2
x − Ĵ2

y

)

(8)

A perfect magnetic bit is expected to have a large bistable easy axis magnetic anisotropy. In terms of spin hamiltonians
like (8) the axial symmetry means that Dxx = Dyy yielding E=0, so equation (8) reduces to

Ĥ = D Ĵ2
z (9)

where D can be positive or negative. If it is positive, the ground state corresponds to the lowest
∣

∣

∣

〈

Ĵz

〉
∣

∣

∣
= |m| with

easy-plane magnetic anisotropy. On the other hand, for negative D the highest values of |m| are the most stable with
easy-axis anisotropy. Of course, a suitable magnetic bit shall have negative D.
SIESTA allows to fix an initial orientation of the spin but there is no control on the initial orbital angular momentum.

The calculations then will converge to the ground state giving a final spin and orbital angular momenta that are usually
collinear due to the spin-orbit interaction. Furthermore, in general the converged spin orientation is the same as that
of the initial guess although the magnitude may be different.
This aspect led us to test different initial spin orientations along the µ = x, y, z axes to find their energies so

that they can be compared. Whenever we assume that the axial symmetry is a good approximation and that the
results correspond to the same multiplet, we may compare the energy differences obtained with SIESTA with those
of hamiltonians like (9).

That is, for a given orientation µ SIESTA finds the expectation value of the energy of each configuration

Eµ = µ 〈J,m| Ĥ |J,m〉µ (10)

For two different orientations, it is then possible to calculate the energy difference Eµ − Eν which gives an approxi-
mation to the MAE of the system. The result also let us to find out the magnetic reversal energy barrier thus giving
an order of magnitude of the blocking temperatures using Eq. (4).
Considering an easy axis configuration, the energy of the multiplet will have a maximum at m = 0 for integer

momentum or at m = ±1/2 for half-integer momentum (higher than 1/2). At low temperatures the total angular
momentum should be in one of the two sides of the barrier corresponding to the maximum value of |m|. The

eigenvectors of the hamiltonian (9) are just the eigenvectors |m〉 of Ĵz and the eigenvalues are quantized,

Em = Dm2 (11)

where m = −j, − (j − 1) , . . . , (j − 1) , j. The relation between D and the MAE will be different according to the
value of the total angular momentum. Below we find this relation for different values of j.

In the appendix C we derive explicit expressions of the blocking temperature for j =1/2, 1 and 4 that will be useful
for the next sections.
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FIG. 5: Magnetic momentum magnitude iso-lines calculated for the IrC dimer. The brigther colours show that the momentum
is mainly localized around the Ir atom.

3. ANALYSIS OF THE MAGNETIC PROPERTIES OF SIMPLE ORGANOMETALLIC COMPOUNDS

BASED ON 5D TRANSITION METALS

In this section we will analyze the magnetic properties of simple organometallic compounds such as transition
metal-carbon/nytrogen dimers. The objective is to have a basic understanding of the rearrangement of the energy
levels in the transition metal ions when it is linked to an organic atom and the effect of the chemical bonding on
the magnetic properties of the system. We will reduce our analysis to Ir and Pt compounds as they have the largest
spin-orbit couplings. The analysis of trimers is also considered and exposed in the appendix E.

We will find that singlet states are preferred in the mixed dimers, yielding quenching of the total magnetic momen-
tum for systems with an even number of electrons and j = 1/2 for systems with an odd number. The total angular
momentum, if nonvanishing, is localized around the atom with the unpaired electron. The total anisotropies found
have a large orbital anisotropy character. In trimers, the situation is similar in terms of singlet state preference.
However, there exist a large delocalization of the magnetic momentum that is spreaded across the molecule. This
results in an orbital quenching and an apparent reduction of the spin-orbit interaction.

A. Analysis of simple organometallic compounds based on Ir

We will start by analyzing the magnetic properties of the mixed dimers formed by Ir and C, and Ir and N. For
this, we have oriented the dimers along the z axis and then we have relaxed the geometries using SIESTA and
considering spin-orbit coupling, up to forces below 0.001 eV/Å. This relaxation has been independent for parallel and
perpendicular (to the z-axis) spin orientations.
We have verified that the spin of the IrN dimer is quenched whereas the IrC dimer has a net magnetic momentum

with a magnitude that depends on its orientation but that is always close to 1 µB . This means that the total spin
magnitude of the mixed dimers seems to be directly related to the number of unpaired electrons, showing low spin
configurations in any case. Furthermore, as can be seen in the Fig. 5, the magnetic momentum is mainly localized
around the Ir atom which is the one that provides the unpaired electron.
Focussing on the orbital angular momenta obtained for both cases, the parallel orientation shows a magnitude of 2

µB while the perpendicular one has a low orbital momentum, close to 0.1 µB . These results are shown in the table II.
We have checked that there exist a magnetic anisotropy for the IrC dimer of 63 meV with an easy plane character

so that a magnetic momentum orientation perpendicular to the dimer axis is more favorable energetically. This makes
a big difference with the Ir2 which has an easy axis character.

In the Fig. 6 we compare the energy levels around the Fermi level obtained from the projected density of states of
the IrC dimer. The first graph (a) represents the levels of the IrC dimer without spin-orbit coupling whereas (b) and
(c) shows the levels considering spin-orbit interaction and parallel (b) and perpendicular (c) spin orientation.
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FIG. 6: Energy levels obtained from the Mulliken populations and the projected density of states of the IrC dimer without
(a) and with (b)/(c) spin-orbit interaction. Black lines correspond to δ/δ∗orbitals, red lines to π/π∗orbitals and blue lines to
σ/σ∗orbitals. The LUMO levels corresponding to the minority spin are indicated explicitely. Degenerated leveles are indicated
with thicker lines.

Orbital momentum (µB) Magnetic momentum (µB)
‖ ⊥ ‖ ⊥
2.0 0.1 1.0 0.8

TABLE II: Orbital and magnetic momenta obtained for the IrC dimer with parallel (‖) and perpendicular (⊥) spin orientations.
The perpendicular configuration shows numbers much lower than the parallel one, mainly for the orbital momentum, indicating
that the anisotropy found has a large orbital contribution.

Without spin-orbit coupling the system also has spin 1/2; the minority spin LUMO is a σ level whereas the HOMO
corresponds to a degenerated δ level. When the interaction is switched on, the δ degeneracy is broken and the old
HOMO-LUMO are reversed so that one of the splitted levels becomes the new LUMO. The orbital angular momentum
of the dimer is given by the unpaired δ level that corresponds to the HOMO.

B. Analysis of simple organometallic compounds based on Pt

As before, we have checked the properties of PtC and PtN mixed dimers. We have found that the PtC has quenched
magnetic momentum whereas the PtN has a magnitude of 1 µB . We thus have a similar result as for the Ir dimers in
which the spin magnitude seems to be directly linked to the even-odd number of valence electrons, yielding low spin
configurations in any case. Now the main contributor to the magnetic momentu is the N atom, as can be seen in the
Fig. 7.
The orbital momentum for the easy axis orientation is λ = −1µB , indicating that the antiparallel spin-orbit

configurations have lower energy. For the perpendicular orientation the value is drastically reduced to 0.1 µB . Once
again, the orbital anisotropy is the most important contributor to the total anisotropy.
There exist an anisotropy of 26 meV with an easy axis character. In the Fig. 8 are shown the levels around the Fermi

energy derived from the projected density of states. As before, in (a) are given the levels without spin-orbit interaction
while in (b) and (c) the interaction is considered with parallel and perpendicular spin orientations respectively.
Looking at (a), we find one degenerated δ, one σ and one π∗ levels (which corresponds to the HOMO) right below

the Fermi energy and a second π∗ level (LUMO) above. If we compare the results with those of IrC, we see that
there are qualitative similars but as the number of electrons is higher, the Fermi level is raised so that the mentioned
δ and σ levels are now filled (for comparison, see Fig. 6). A second difference is found in that the π∗levels are not
degenerated even in the absence of spin-orbit interaction. The orbital angular momentum of the dimer is given by
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FIG. 7: Magnetic momentum magnitude iso-lines calculated for the PtN dimer. The brigther colours show that the momentum
is mainly localized around the N atom.

FIG. 8: Energy levels obtained from the Mulliken populations and the projected density of states of the PtN dimer without
(a) and with (b)/(c) spin-orbit interaction. Black lines correspond to δ/δ∗ orbitals, red lines to π/π∗ orbitals and blue lines to
σ/σ∗ orbitals. The LUMO levels corresponding to the minority spin are indicated explicitely. Degenerated leveles are indicated
with thicker lines.

the unpaired π∗ level that corresponds to the HOMO.

C. Conclusions of the analysis of dimers

From the analysis of mixed dimers based on Ir and Pt transition metals we can conclude that the hybridization
of p and d orbitals yields low spin configurations and only systems with an odd number of electrons does not show
total angular momentum quenching. We have seen that the magnetic momentum as localized around the atoms that
provide the unpaired electron. This localization is absent in more complex coumpounds such as the trimers analyzed
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Orbital momentum (µB) Magnetic momentum (µB)
‖ ⊥ ‖ ⊥

-1.0 0.1 1.0 0.7

TABLE III: Orbital and magnetic momenta obtained for the PtN dimer with parallel (‖) and perpendicular (⊥) spin orientations.
The perpendicular configuration shows numbers much lower than the parallel one, mainly for the orbital momentum, indicating
that the anisotropy found has a large orbital contribution. The minus sign in the orbital momentum of the parallel configuration
indicates that spin and orbital momenta are anti-parallel.

FIG. 9: Standard geometry of metallocene molecules. (a) Eclipsed D5h structure of a metallocene, showing η5 coordination.
(b) Staggered D5d geometry, also showing η5 coordination.

in the appendix E. There, the magnetic momentum is delocalized and the orbital momentum is partially or totally
quenched. This kills the spin-orbit interaction and the magnetic anisotropy of the system is dramatically reduced.

4. STUDY OF MOLECULAR MAGNETS BASED ON ORGANOMETALLIC MOLECULES

Along this section we will analyze different organometallic molecules that have been already synthetized by current
technology or that can be produced in the near future. Our objective is to find out new single molecular magnets
with a large anisotropy provided by a high spin-orbit interaction strength that could be used as magnetic bits at room
temperatures. We will see that the same conclusions found for mixed dimers can be applied to the molecules analyzed
in terms of singlet ground state stabilization and orbital quenching. Delocalization of the magnetic momentum is
also a hallmark of these systems. Only there where some of the d-orbitals do not take part on chemical bonding the
spin-orbit interaction is dominant yielding magnetic anisotropies of the order of 50-100 meV. This yields blocking
temperatures around 21 K, which are still far from the expected MAE values for useful magnetic bits.

A. Metallocenes (MCp2)

A metallocene is a compound with general formula (C5H5)2 M that consists on two cyclopentadienyl anions (named
as Cp and that corresponds to C5H5) and a central metallic atom with oxidation state II. The first metallocene, the
ferrocene, was synthetized in 1951 in parallel by Kealy and Pauson [33], and Miller et al [34], but it was not until 1952
that Wilkinson and Fischer determined its structure [35] for which they were awarded in Nobel Prize of Chemestry
in 1973.
We have considered several 3d and 5d transition metal metallocenes in order to compare their magnetic properties

and to asses their MAE, if any. We have included in our analysis 3d elements in spite of it was not expected to obtain
large MAEs due to the small spin-orbit coupling strength.
The structural and electronic properties of metallocene molecules in the gas and crystalline phases are well captured

by density functional theory (DFT) [17]. Bonding in metallocenes is obtained between d-orbitals of the metal centre
and the π electrons in the p-orbitals of the carbon atoms of the Cp anions. The two standard geometrical structures
of metallocene molecules are shown in Fig. 9 (a) and (b). This coordination is called η5 since the five carbon atoms
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FIG. 10: Geometry of (a) CuCp2, showing η2 − η5 coordination, (b) AuCp2, with η2 − η2 coordination and (c) PtCp2, with
η3 − η3 coordination.

Molecule Exper. Geometry Geometry DFT MT (µB) ML (µB) Ez − Ex−y (meV)
FeCp2 Eclipsed η5 Agree 0.00 0.00 -
CoCp2 Eclipsed η1 − η2 Agree 0.99 0.05 -0.13
NiCp2 Eclipsed η5 Agree 1.99 0.02 +0.92
CuCp2 Not synthetized Staggered η2 − η5 0.99 0.02 0.00
ZnCp2 Staggered η1 − η5 Agree 0.00 0.00 -
IrCp2 Not available Eclipsed η5 0.95 0.14 0.00
PtCp2 Not available Staggered η3 − η3 0.00 0.00 -
AuCp2 Not synthetized Staggered η2 − η2 0.99 0.06 0.00

TABLE IV: Structural and magnetic properties of the metallocene molecules simulated. The total spin momentum of the
molecules is denoted by MT = g ST and is oriented along the z-axis. The orbital angular momentum ML is estimated from
a Mulliken population analysis. Energy differences found for metallocenes with non-zero spin momentum for total angular
momentum parallel (Ez) and perpendicular (Ex−y) to the z axis; negative values correspond to easy axis configurations and
positive to easy plane.

of each ring bond to the central metal ion. The Fig. 9 (a) shows the eclipsed configuration D5h, where the carbon
atoms in the two opposite rings face each other; the staggered configuration D5d, shown in Fig. 9 (b) corresponds
to a rotation of 36 with respect to the molecule axis of one of the rings. There exist other possible geometrical
arrangements where the rings are displaced laterally, or even tilted, so that only one, two or three carbon atoms in
each ring bond to the metal ion; the coordination is called η1,2,3, accordingly. This is the case e.g. of CuCp2, AuCp2
and PtCp2 which are shown in Fig. 10.

All of the metallocenes simulated have been synthesized, except for AuCp2, and CuCp2. Their geometrical structures
for the gas phase have been determined experimentally for Fe, Co, Ni and Zn [25, 26]. Detailed quantum chemistry
simulations of the structure of isolated Fe, Co, Ni, Cu and Zn metallocenes have been already performed [17, 27–29],
which agree with the experimental data. Iridocene and platinocene have been synthesized, but we were unable to
find experimental or reliable theoretical data about their geometry [30, 31]. The total spin state of the third-row
metallocenes has been also determined theoretically. Our results both for the geometry and the spin ground state,
which are summarized in table IV, agree in detail with the available experimental and theoretical data.
The orbital angular momenta are between three and thirty times smaller than the spin momenta, which could be

the signature of orbital quenching, mainly in 3d metallic complexes in which crystal field effects are dominant. Fe
and Zn molecules have no magnetic momentum, Co, Ir, Cu and Au molecules have spin 1/2. We have obtained again
that singlet states correspond to the ground state in general. However there is an exception in the case of NiCp2. The
reason for this may be found in the higher symmetry of the molecule which exhibits η5 − η5 coordination as shown in
Fig. ?? (a); the resulting orbital degeneracy yields a triplet state, as observed in the Fig. 11. By contrast, if we look
at the PtCp2 molecule, here the large magnetostrictive forces reduce the symmetry of the molecule, yielding η3 − η3

coordination; the orbital splitting ends with a singlet ground state.
We have checked that all the spin 1/2 molecules with orbital quenching basically show zero magnetic anisotropy

as was suggested in section 2B.In the table IV are compared the energies for total angular momenta parallel and
perpendicular to the z axis which roughly gives the MAE of the molecule. The Ni metallocene is the one with the
largest energy difference, which is of the order of 1 meV with hard axis character. This anisotropy arises basically
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FIG. 11: Projected density of states of Ni and Pt s and d-orbitals for the molecules NiCp2, and PtCp2, respectively. There is
a clear difference between both as Ni shows degenerated orbitals provided by the symmetry of the geometry and the crystal
field that are not present in the Pt. The first allows the triplet ground state whereas the broken symmetry of the second yields
a singlet ground state.

from the crystal field interaction which also leads to orbital quenching as can be seen from the negligible orbital
angular momentum obtained.
Summarizing, the metallocenes based on 3d and 5d metallic atoms do not show large anisotropies in any case. Orbital

quenching is general in this type of molecules while singlet states are more stable yielding low spin configurations.
The only exception to the last observation is the Ni compound for which is obtained a magnetic momentum of 2
µB . However the resulting anisotropy is also negligible. Focussing on the application in which we are interested,
metallocenes based on 3d and 5d elements do not have the required properties to be good magnetic bits.

B. Dimetallocenes

The dimetallocenes are metallocenes containing two metallic atoms. The structure of the dimetallocenes may be
coaxial or perpendicular. In the first case, as before, D5h eclipsed and D5d staggered geometries are possible, with
the metal-metal bond coaxial to the axes of the Cp rings. Perpendicular structures however were predicted by DFT
methods to have lower energies; they have Ci symmetry with the metal-metal bonds perpendicular to the axes of the
Cp rings. The three configurations are shown in the Fig 12; note that the dimers have been oriented along the z axis.

In the analysis performed we have chosen both single and mixed transition metal dimers with the objective of
checking if the combination of different elements may improve the MAE of the molecule. In particular, we have
studied the following molecules:

a) Single metal: Co2Cp2, Ir2Cp2, Pt2Cp2, Au2Cp2.

b) Mixed metals: IrFeCp2, IrAuCp2, PtAuCp2, FeCuCp2, FeZnCp2, IrOsCp2.
As expected, we have found that the perpendicular structures are the most stable. The table V summarizes the

results obtained for the molecules studied, including the magnetic and angular momenta magnitudes as well as the
energy difference between spin orientations along the z − axis and perpendicular to that.
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FIG. 12: Dimetallocene geometric configurations: (a) eclipsed, (b) staggered and (c) perpendicular. The transition metal
dimers have been oriented along the z axis as reference for energy difference calculations.

Molecule Geometry DFT MT (µB) ML (µB) Ez − Ex−y(meV)

Co2Cp2 Perp. staggered 1.99 0.28 -1.34
Ir2Cp2 Perp. staggered 0.00 0.00 -
Pt2Cp2 Perp. staggered 0.00 0.00 -
Au2Cp2 Perp. staggered 0.00 0.00 -
IrFeCp2 Perp. staggered 2.99 0.27 +0.94
IrPtCp2 Perp. staggered 0.95 0.41 -0.30
IrAuCp2 Perp. eclipsed 0.00 0.00 -
PtAuCp2 Perp. staggered 0.90 0.52 +0.04

TABLE V: Structural and magnetic properties of the dimetallocene molecules simulated. The total spin momentum of the
molecules is denoted by MT = g ST and is oriented along the z axis. The orbital angular momentum ML is estimated from
a Mulliken population analysis. Energy difference found for metallocenes with non-zero spin momentum between orientations
parallel and perpendicular to the z axis; negative values correspond to easy axis configurations and positive to easy plane.

Considering dimetallocenes containing equal metallic atoms, in principle the possible spin configurations for Co, Ir
and Au molecules are 0 or 1, whereas for Pt molecules are 0 or 2. We have found that low-spin configurations are
the most stable in all cases except for Co2Cp2 which has a high-spin state provided by a larger orbital symmetry as
happened with the NiCp2.

In the case of mixed metallic atoms we have found an enhacement of the magnetic momentum for those molecules
with an odd number of electrons. This effect is clearly shown in the case of the IrFeCp2 molecule where the Fe atom
provides the largest contribution to the magnetic momentum.
We have checked again the energy differences for total angular momentum oriented parallel and perpendicular to

the z axis. The results are shown in the table V. We have seen that the spin 1/2 molecules again have no anisotropy.
On the other hand, the most remarkable result is given by the Co2Cp2 molecule for which parallel configurations are
more stable but with a tiny energy difference of 1.34 meV lower than for the perpendicular one.

As a summary, we have seen that those dimetallocenes that exhibit a net magnetic momentum do not show large
anisotropies even for 5d metallic ions. In general this is due to the small orbital angular momentum of the molecules.
We have to conclude as in the case of metallocenes that di-metallocenes based on d-metals are not good candidates
to be used as magnetic bits.

C. Bis-carbene metal complexes

Carbenes are molecules that contain a neutral carbon atom with valence two and also two unshared valence electrons.
In general the carbenes are short live compounds except in some cases. The first stable carbene isolated was the N-
heterocyclic carbene, based on an imidazole ring, which is an organic compound with formula (CH)2 N(NH)CH where
the hydrogen in the carbon placed between the nytrogen atoms is removed. Stable carbenes were proposed to exist
in 1957 by Breslow [36, 37] and were synthesized for first time by Wanzlick and co-workers [38, 39]. The first stable
crystalline carbene was isolated in 1991 by Arduengo et al [40].
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FIG. 13: Bis-carbene metal molecule geometry; a metal ion links the two N-heterocyclic carbenes.

Molecule MT (µB) ML (µB) E‖ − E⊥(meV)

Os (NHC)
2

1.90 0.40 +82.46
Au (NHC)

2
1.00 0.00 -0.01

TABLE VI: Energy differences found for metal bis-carbenes with non-zero spin momentum between parallel and perpendicular
to the z axis spin orientations; positive values correspond to easy axis configurations and negative to easy plane.

We have chosen bis-carbene metal complexes, which are formed by two N-heterocyclic carbenes (NHC)2 linked
together by a transition metal ion. The synthesis of this kind of molecules has been already carried out; see e.g. Ref.
[41, 42]. The geometry of the molecules tested is shown in the Fig. 13.

The reason for choosing this kind of structures is that the crystal field seen by the metallic ions is very different to
that of metallocenes. In this configuration it is expected a lower participation of 5d-orbitals on the bonding with C
atoms so reducing the hybridization that in previous examples led to a drastic reduction of the spin-orbit strength.

We have concentrated our study on Os, Ir, Pt and Au compounds. The fundamental state of the Os based molecule
corresponds to a high-spin configuration with spin 1, while the molecules with Ir and Au atoms have spin 1/2; we will
analyze the Ir based molecule below in more detail. On the other hand the Pt compound show again spin quenching.
The results obtained for Os and Au are summarized in the table VI; the energy difference between spin orientations
parallel (‖) and perpendicular (⊥) to the z axis is also included. At this respect, a noticeable difference has been
obtained for the Os complex, of the order of 82 meV. This is an interesting result but useless in terms of magnetic
bit application as corresponds to an easy plane anisotropy.
The case of Ir based molecule is now analyzed in more detail. The table VII shows the results obtained using LDA

and GGA functionals. We see that the functionals give contradictory results. According to LDA the fundamental
state corresponds to an easy-axis configuration with an energy difference around 22 meV; however using the GGA
functional we have reached the opposite result, that is, an even larger anisotropy (78 meV) but with a fundamental
easy-plane configuration. Comparing the total magnetic momenta obtained it seems that LDA and GGA do not reach
the same ground state corresponding to a magnetic orientation perpendicular to the symmetry plane; GGA obtains
a state with lower energy that LDA is not able to reproduce. We cannot conclude for this reason which is the true
fundamental state of the Ir bis-carbene.
The large discrepancy led us to consider the properties of a modified molecule in which a second iridium atom

is included to form a dimer. This kind of bis-carbene dimetal compounds are not known to have been synthetized

Functional MT (µB) ML (µB) E‖ − E⊥(meV)

LDA ‖: 0.99; ⊥: 0.42 ‖: 1.90; ⊥: 0.10 -21.67
GGA ‖: 1.00; ⊥: 0.83 ‖: 1.97; ⊥: 0.15 +77.56

TABLE VII: Energy differences found for iridium bis-carbenes using LDA and GGA functionals; negative values correspond to
easy axis configurations (‖) and positive to easy plane (⊥). They have been included the total magnetic momentum and the
orbital angular momentum obtained.
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FIG. 14: Di-iridium bis-carbene configuration (a) indicating the plane of symmetry (b) with respect are defined the possible
magnetic momentum orientations found. In (c) are shown in red the magnetic momentum vectors per atom of the fundamental
configuration; the magnetic momenta are mainly located in the metalic ions.

Orbital Charge
‖

Charge
⊥

MM (µB) ML (µB) MM (µB) ML (µB)

s 1.40 0.05 0.00 1.40 0.05 0.00
dxy 1.63 0.34 0.47 1.71 0.21 0.06
dyz 1.64 0.25 0.00 1.66 0.24 0.06
dz2 1.44 0.10 0.00 1.39 0.13 0.02
dxz 1.50 0.03 0.00 1.47 0.10 0.01

dx2−y2 1.64 0.25 0.47 1.64 0.23 0.01

TABLE VIII: Mulliken population of one of the Ir atoms of the Ir2(NHC)2 molecule with the quantization axis oriented along
the easy axis. The spin is oriented parallel (‖) and perpendicular (⊥) to the easy axis. The orbital angular momentum
anisotropy is evident and has a large contribution to the total anisotropy.

hitherto; however, it is interesting to compare the results given by LDA and GGA in this case.
The relaxed molecule is shown in the Fig. 14. We have found that irrespective of the initial orientation given to

the magnetic angular momentum, the computations gave only two possible relaxed orientations, one contained in the
x − z plane, defined in the Fig. 14 (b) and the other perpendicular to that plane. The first orientation, depicted in
Fig. 14 (c), turns out to be the fundamental one according to both LDA and GGA functionals and corresponds to
the easy axis of the molecule.
In the table 4C are given the Mulliken populations with the quantization axis oriented along the easy axis for

momentum orientation parallel and perpendicular to it. In the case of parallel orientations the orbital angular
momentum is mainly located at the δ∗ levels (original dxy/dx2−y2 orbitals) because in this case they do not hybridize
with any p-orbitals of the adjacent C atom. The total anisotropy seems to have a strong orbital contribution. The
magnetic and orbital momentum distributions for parallel orientations are shown in the Fig. 15.

The energy difference between easy axis and perpendicular spin orientations is in the range of 73 (LDA) - 77 (GGA)
meV as shown in table IX. The Mulliken population suggests that the total angular momentum of the molecule when
orientated along the easy axis has z component |m| = 3; if we are in the bottom of the multiplet energy barrier, then

Functional MT (µB) ML (µB) E‖ − E⊥(meV)

LDA ‖: 1.95; ⊥: 1.80 ‖: 1.80; ⊥: 0.55 -72.92
GGA ‖: 1.95; ⊥: 1.72 ‖: 1.80; ⊥: 0.25 -77.38

TABLE IX: Energy differences found for di-iridium bis-carbenes using LDA and GGA functionals considering spin orientations
along the easy axis (E‖) and perpendicular to it (E⊥). They have been included the total magnetic momentum and the orbital
angular momentum obtained for each orientation. An easy-axis configuration was found in the symmetric plane defined in Fig.
14 (b) that is shown in the Fig. 14 (c).
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FIG. 15: Magnetic momentum (a) and orbital angular momentum (b) distributions in the Ir2(NHC)2 molecule. Both momenta
are located around the Ir atoms. The orbital angular momentum is provided by d-orbitals that do not hybridize with p-orbitals.

j = |m| = 3. Following the same procedure as in section 2B, we can estimate blocking temperatures of around 21 K
for device lifetimes (1010 s) and 37 K for lab lifetimes (104 s), which is the best result we have found for easy axis
molecules so far.
Summarizing, some bis-carbene molecules show better results in terms of magnetic anisotropy than metallocenes.

Osmium bis-carbenes and (di)-iridium bis-carbenes are the systems with the largest energy differences found. More
importantly, the last show easy-axis ground state configurations which are optimum for magnetic bit applications.
However, the values obtained are at least 2-3 times lower than those necessary to have reasonable device lifetimes
even at 100 K. We conclude that the study of metal bis-carbene is interesting as large MAE may be found, but future
applications as magnetic bits seem to be difficult even at low temperatures.

D. Metallic phtalocyanines

Metallic phthalocyanines, denoted MPc, are macrocyclic molecules that have an alternating nitrogen atom-carbon
atom ring structure, and contain a metal ion M in its center, which bonds with the four isoindole nitrogen atoms. The
first metal-free phtalocyanine was identified for the first time in 1907, and it was not until 1927 that the first metallic
compound, concretely the copper phtalocyanine, was synthetized for the first time [45]. A sketch of the structure is
shown in the Fig. 16. The symmetry of the molecule is in principle described by the point group D4h.

We have analyzed the magnetic properties of metal phtalocyanines containing several 3d and 5d elements as before.
The results obtained for 3d elements in terms of magnetic momentum and anisotropies are indicated in the table X.
All the molecules have a net magnetic momentum except the PtPc. The negligible energy difference between in plane
and out of plane spin orientations suggests that there is no anisotropy in these molecules. The exception is the OsPc
for which a large energy difference around 66 meV (LDA) - 36 meV (GGA) is obtained favouring in plane orientations.

We have found an interesting result concerning the orbital angular momentum of the FePc molecule. It is sta-
blished theoretically that its magnitude shall be 〈Lz〉 = 1 [50, 51]. However, our results indicate that there exist
orbital quenching. The reason for this stems from the fact that the older studies considered a perfect square planar
configuration whereas our relaxed molecules has rhombohedral planar configuration with a lower symmetry. The
Jahn-Teller distortions are then responsible of the orbital quenching. A more detailed analysis of this effect is given
in the appendix F.
A second analysis was done considering structures based on a metallic ion sandwiched by two phtalocyanines as in

Fig 16 (b). For this case we have inserted Os, Ir and Pt obtaining the results shown in the table XI. Again the Os
compound gives large hard-axis anisotropies again with energy differences in the range of 180 meV whereas the other
molecules do not show magnetic anisotropies at all.
The results of this section can be summarized with almost the same conclusions we have obtained for the other

molecules. We have not found high magnetic anisotropies except for the case of the Os based molecules, but in that
case they have an easy plane character which do not add any value to our challenge of finding stable molecular bits.
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FIG. 16: Metal phtalocyanine geometry: (a) MPc where the metal ion is placed in the centre of the molecule bonded to
four nytrogens, and (b) MPc2 where the metal ion is sandwiched between two phtalocyanine structures. In the last case, the
staggered configuration is the most stable.

Molecule
MT (µB) ML (µB) E⊥ − E‖(meV)⊥ ‖ ⊥ ‖

FePc(LDA) 2.00 2.00 0.36 0.04 +0.22
FePc(GGA) 2.00 2.00 0.14 0.07 +0.35
CoPc(GGA) 0.99 0.99 0.01 0.08 +0.26
CuPc (LDA) 0.99 0.99 0.06 0.02 -0.17
OsPc(LDA) 1.68 1.91 0.01 0.70 +65.40
OsPc(GGA) 1.83 1.92 0.00 0.45 +35.61
IrPc(LDA) 0.77 0.84 0.28 0.31 -0.46
IrPc(GGA) 0.80 0.92 0.15 0.24 +1.63

PtPc 0.00 0.00 0.00 0.00 -
AuPc(LDA) 0.99 0.99 0.00 0.00 +0.02

TABLE X: Structural and magnetic properties of the metal phyalocyanine molecules simulated. The total spin momentum
of the molecules is denoted by MT = g ST and is oriented perpendicular to the molecule plane (⊥) or parallel (‖). Negative
energy differences thus correspond to easy axis configurations. The orbital angular momentum ML is estimated from a Mulliken
population analysis.

E. Pt dimers attached to GNR edges

Up to now we have considered several organometallic molecules containing one or two d-elements as possible
molecular magnets, but we have seen that orbital quenching is typical in this kind of structures so that there is
negligible MAE. However, we know that the isolated metallic atoms or even the dimers may show huge anisotropies,
at least theoretically. This has led us to consider other ways to stabilize mechanically the metallic atoms keeping at
the same time the MAE as high as possible. Following this requisite, we have explored the magnetic properties of Pt

Molecule
MT (µB) ML (µB) E⊥ − E‖(meV)⊥ ‖ ⊥ ‖

OsPc2 2.16 1.57 0.00 0.24 +181.54
IrPc2 0.99 0.99 0.00 0.00 -0.20
PtPc2 0.00 0.00 0.00 0.00 -

TABLE XI: Structural and magnetic properties of the double decker metal phyalocyanine molecules simulated. The total
spin momentum of the molecules is denoted by MT = g ST and is oriented perpendicular to the phtalocyanine planes (⊥) or
parallel (‖). The orbital angular momentum ML is estimated from a Mulliken population analysis. The MAE is megative for
Out-of-plane fundamental configurations.
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FIG. 17: Relaxed configuration of a Pt atom attached to an armchair GNR edge: (a) single Pt atom, (b) Pt dimer and (c) Pt
dimer with O attached as expected in more realistic conditions. The z axis is chosen perpendicular to the nanoribbon edge,
parallel to the Pt-Pt bond in (b).

MM (µB) ML(µB)
‖ ⊥ ‖ ⊥

Pt-1 0.80 0.44 0.23 0.04
Pt-2 2.34 1.40 1.05 0.64

TABLE XII: Spin momentum and orbital momentum obtained for the Pt atoms for parallel (‖) and perpendicular (⊥) spin
momentum orientations with respect to the dimer bond direction. Pt-1 referes to the atom directly bonded with the GNR
while Pt-2 is the second member of the dimer.

dimers attached to graphene nanoribbon edges.
Graphene nanoribbons (GNR) are just finite sheets along one direction with definite edges. The shape of the edges

may be of two classes: zigzag and armchair. We have chosen armchair GNRs for our study to avoid the presence of
edge states and a magnetic momentum located at the edges so that the magnetic properties of the system will be
entirely to the attached metallic atoms.
As a first step we have placed a single Pt atom close to edges fully passivated with hydrogens and applied molecular

dynamics with SIESTA finding that the metallic atom may bond with the edge C atoms. However, we have also found
that the magnetic momentum of the Pt atom is quenched and thus we had to discard this configuration.
We have then partially passivated the GNR and found that the Pt bonds with two of the unpassivated C atoms as

represented in the Fig. 17 (a). The magnetic momentum again was zero.
A third option was tried using a Pt dimer instead as depicted in the Fig 17 (b). In this way we managed to have

one of the Pt free of bonding with any C atom. We have checked the value of the anisotropy comparing the ground
state energies of the system imposing spin momentum orientations along the dimer direction and perpendicular to it.
We have found that the parallel orientation corresponds to the fundamental state with an energy 52 meV lower than
for other orientations, suggesting an easy axis configuration. This value is consistent with the orders of magnitude
found by [16] and [8, 9] for the isolated Pt dimer.
In the table XII are shown the spin and orbital momenta estimated from Mulliken populations for the dimer, making

distinction between the two Pt atoms and between the two spin orientations analyzed, parallel and perpendicular to
the dimer direction. The results show that irrespective of the spin orientation, the Pt atom in contact with the GNR
edge has much lower momenta than the second Pt as expected from hybridizations with C orbitals.

We have tested the stability of the MAE in presence of impurities by adding oxygen atoms as would be the situation
when working in normal air conditions. We have obtained a final configuration in which an O atom may bond both
Pt atoms (see Fig. 17(c)). The point here is that the magnitude of the magnetic momentum is drastically reduced
as shown in table XIII. Furthermore, no trace of MAE is found irrespective of the magnetic momentum orientation.
This is because the δ levels now hybridize with the p-orbitals of the oxygen and the different momenta are partially
or totally quenched.
As a summary, we have shown that there is a magnetic anisotropy of the order of 100 meV for systems consisting

on a Pt dimer attached to the edge of a armchair GNR whenever the last is partially passivated there where the
attachment is performed. This anisotropy is in the range of values found for pure Pt dimers in some publications.
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MM (µB) ML(µB)
‖ ⊥ ‖ ⊥

Pt-1 0.06 0.05 0.03 0.05
Pt-2 0.40 0.60 0.18 0.08

TABLE XIII: Spin and orbital momenta obtained for the Pt atoms for parallel (‖) and perpendicular (⊥) spin momentum
orientations with respect to the dimer bond direction. An O atom has been included in the system to mimic to some extent
the actual situation in the atmosphere (see Fig17(c)). Pt-1 referes to the atom directly bonded with the GNR while Pt-2 is
the second member of the dimer.

However, we have also seen that this situation is not stable in the presence of impurities such as O atoms, which is
something expected if the dimer is not kept under vacuum conditions.

5. LIMITATIONS OF THE ANALYSIS.

In the previous sections we have shown the results we have obtained during our searching of a molecular magnet
based on organometallic compounds with 3d and mainly 5d elements. We have obtained some promising results
although still far to provide a solution to our challenge of finding a molecular bit stable at room temperatures.
However the work we have carried out is not absent of some limitations that shall be exposed. Nowadays does not
exist an exact method to simulate the electronic structure of any molecular system and DFT is not an exception at
all. Furthermore, SIESTA and other DFT methods are not perfectly suited to the evaluation of energy barriers such
as those we have been analyzing because this impies the calculation of excited states that cannot be simulated by
these techniques by definition.
In this section we want to describe briefly the main issues we have faced along our studies and expose the limita-

tions that could have negative impact concerning the reliability of the results derived and the elaboration of further
theoretical research on this topic.

A. Analysis of f-elements

As we know, DFT is based on the use of approximated density functionals that work fairly well in general but that
are inexact when strong correlated systems are to be simulated. In our analyses we have considered 5d-orbitals in
which the strong correlations may become important. To avoid problems we have tried to verify our results using
different functionals mainly for those systems in which high energy differences were found. However, at the same time
we have not been able to extend our studies to rare earths with f-orbitals which although have a softer spin-orbit
interaction than d-orbitals, they hardly take part on the chemical bonding with the organic atoms thus avoiding
hybridizations that may quench the orbital momentum. Recently, the use of f-elements has been indeed introduced
by synthetic chemists for the construction of single molecular magnets. The first molecular magnets studied based
on f-elements have been phtalocyanines with lanthanid elements (Tb, Dy, Ho) that have given for Tb compounds the
highest magnetic anisotropies yet discovered for a molecule.
We have not been able even to find reliable pseudopotentials to work with any of these elements, an issue that has

restricted substancially our possibilities of finding more promising results.

B. Determination of the magnetic anisotropy and energy barriers

There exist another issue that is commonly known as spin contamination, a problem inherit to approximations such
as Hartree-Fock or DFT in which the wavefunction of the system is approximated by the sum of basis wavefunctions
such as LCAO-MO. Furthermore, as DFT is a non-interacting description of the system by means of a single-particle
equation, the resulting wavefunction will be a single Slater determinant. This wavefunction is not an eigenfunction of
the total Ŝ2 and Ŝz, and the same can be said about the operators L̂2and L̂z so that the expected values computed
will not agree in general with the actual ones. The expectation value of the Ŝ2 operator in DFT has bee derived in
ref. [19],
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where N↓ is the number of spin-down electrons, nσ
i are the spin-orbital occupation numbers and S↑↓

ii are the overlaps
between the spatial components of the LCAO basis functions.
A good new in principle is that there exist studies indicating that at least for organic molecules the spin contam-

ination in DFT is not too high and produces values of
〈

Ŝ2
〉

a bit larger than the true ones (see e.g. ref. [18] and

references therein). Furthermore, it is believed that an unrestricted formalism like that used in our DFT study may
give a realistic description of the magnetic properties of transition metal complexes [18].

However, a negative point is that SIESTA does not provide
〈

Ŝ2
〉

, but it gives the expectation values of the different

components of the spin operator, that is,
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and of the orbital angular momentum. Furthermore, with those
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the determination of the value of the total angular momentum multiplet corresponding to the ground state solution.
For easy or hard axis configurations and assuming axial symmetry, we have the chance of obtaining the value of the

total
〈

Ĵz

〉

= m ~ if we orient the system so as the z coordinate is parallel to the symmetry axis; in this case, we may

assume that SIESTA is finding the state with j = |m| (see the analysis in section 2B).
But this is not the whole history. As we have explained, the stability of a magnetic bit is given by the blocking

energy for magnetic reversal. According to the introduction given in section 1B, there are three main mechanisms
that may produce spin flipping, and with the exception of the direct tunneling, the transition to other excited states
within the same multiplet is involved. Looking at the Fig. 3, we have that the blocking energy is given by the energy
difference between the ground states and the excited state with the highest energy.
As DFT does not calculate excited states it is not possible to obtain directly the blocking energy. We have managed

to find an approximation to estimate this energy assuming axial symmetry, as described in section 2B, without the
need of computing any excited state. This method can be considered as exact for dimers and axially symmetric
systems or even a good aproximation for molecules such as metallocenes or phtalocyanines that have cylindrical
discrete symmetry, or for those with an easy/hard axis configuration, but it is not clear its general validity for some
of the relaxed geometries obtained that depart from the axial symmetry.
We have tried to keep this point clear along our exposition, considering the values of the energy differences found

just as an approximation or at least a qualitative signature of the possible presence of noticeable magnetic anisotropies.

6. CONCLUSIONS

Along this chapter we have analyzed the magnetic properties of different organo-metallic molecules looking for
large magnetic anisotropies. The aim of this analysis has been to identify molecules that could be used as magnetic
bits in high density magnetic recording systems. We remind that the lifetime of a magnetic bit in a thermally
activated environment is defined by the blocking energy for magnetic reversal. In order to reach long lifetimes
at room temperature it is necessary to have energies of the order of 1 eV. One possible way to obtain such huge
anisotropies in a molecule is by a strong spin-orbit interaction as it is the case of heavy transition metals compounds.
Thus our analyses have been focussed on molecules containing 5d transition metals for which is expected a strong

spin-orbit coupling. The preliminary studies have considered dimers composed by a metallic atom (Ir and Pt) and
a non-metal (C and N). Here we have seen that the singlet states are the fundamental ones, yielding low spin
configurations consequence of the hybridization of d and p-orbitals; only odd electron systems show a non vanishing
magnetic momentum (PtN and IrC). In this last case, the spin is located around the atom that provides the unpaired
electron and the orbital angular momentum is fixed by the orbital in which the electron resides. The total anisotropy
found has a large contribution from the orbital anisotropy.
Extending the models to trimers with one transition metal and two non-metals we have found the same low spin

configuration character. However, for those trimers with spin 1/2 (IrC2 and PtN2), we have seen a large delocalization
of the magnetic momentum with a larger contribution from the organic atoms. This delocalization also yields orbital
quenching that kills the spin-orbit interaction.
The later analysis of several organometallic molecules composed by 5d elements has provided in general the same

conclusions as for the trimers in terms of the preferred low spin configurations and orbital quenching. In the case of
the molecules with 3d metals there are some exceptions with high spin configurations but in any case low anisotropies
due to the negligible spin-orbit interaction.
There are other exceptions for 5d elements such as in the case of the molecules containing Os. Here we have found

high spin configurations with large spin-orbit couplings. However the molecules have an easy plane character which
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in terms of a possible application to be implemented as a magnetic bit is useless.
We have found more optimistic results for the bis-carbene di-iridium molecule, which shows an easy axis anisotropy

that yield blocking temperatures of the order of 21 K for lifetimes in the range of hundreds of years. Here we have
found that some of the d-orbitals of the Ir atoms do not hybridize thus keeping their orbital angular momentum
unaffected which allows a spin-orbit interaction to occur. From a practical point of view, the estimated anisotropy is
still low for room temperature applications.
Finally, we have followed a different option in which we have coupled Pt atoms to the edges of armchair graphene

nanoribbons. The study has shown that it is neccesary to attach a dimer perpendicular to the edges to obtain blocking
temperatures of the order of 14 K. However this result does not seem to be stable if impurities such as oxygen atoms
are attached to the dimer.
Summarizing, we have found a general rule indicating that the organo-metallic molecules containing heavy transition

metals are paramagnetic or show an isotropic low magnetic configuration. The generally asymmetric environment
and the hybridization of the d-orbitals result in an orbital and spin quenching, destroying the anisotropies found in
isolated transition metal dimers. There are some exceptions to this rule but they do not show large enough blocking
temperatures to be considered as useful magnetic bits at room temperatures. More efforts have to be developed in
the search of compounds for which hybridizations are avoided such could be the case of atoms with f-orbitals that do
not interact so easily with their environment.

APPENDIX A: MAGNETIC ANISOTROPY PRODUCED BY THE SPIN-ORBIT INTERACTION

In this annex we will show how the spin-orbit interaction may be a source of magnetic anisotropy in a system. To
visualize this, we will consider a weak coupling approximation and thus treat it as a perturbation. Up to second order
perturbation theory, the expectation value of the hamiltonian for an orbitally non-degenerate ground state |Γ0, γ0〉 is
[1, 2],

ĤSO = −
∑

Γ′,γ‘′

|〈Γ′, γ′|λL · S |Γ0, γ0〉|2
EΓ′,γ′ − EΓ0,γ0

(A1)

This expression can be written as

ĤSO = −λ2
∑

µ,ν

Λµν Ŝµ Ŝν (A2)

where

Λµν =
∑

Γ′,γ‘′

〈Γ0, γ0|Lµ |Γ′, γ′〉 〈Γ′, γ′|Lν |Γ0, γ0〉
EΓ′,γ′ − EΓ0,γ0

(A3)

If we consider that the eigenvectors of Λµν are parallel to the x, y, z axis, we may reduce this expression to,

ĤSO =
∑

µ=x,y,z

Dµ Ŝ
2
µ (A4)

where Dµ = −λ2 Λµν δµν . Furthermore, substracting −λ2 ΛS (S + 1) /3, with Λ = TrΛ, we may write the hamilto-
nian as [1, 2],

ĤSO = DSO

[

S2
z − 1

3
S (S + 1)

]

+ ESO

(

S2
x − S2

y

)

(A5)

with DSO = −λ2
(

Λzz − 1
2 Λxx − 1

2 Λyy

)

; ESO = −λ2

2 (Λxx − Λyy). This is exactly the same kind of expressions
obtained for the crystal field interaction in Eq. (6).

In general, the symmetries linked to the Λµν tensor fix preferred directions for the spin orientation. It must be
stressed that it is not always easy to justify the weak spin-orbit coupling limit when compared with the crystal field
interaction. However the considerations made above are still valid to show how the spin-orbit interaction is the source
of magnetic anisotropy.
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APPENDIX B: SPIN-ORBIT COUPLING IN SIESTA: COMPUTATION OF THE ELECTRONIC

ORBITAL ANGULAR MOMENTUM

As indicated the spin-orbit interaction can be computed by SIESTA. The details about how this interaction is
implemented in the software are given in Ref. [24]. In this section we want to give a short overview of the method
used to calculate the orbital angular momentum developed and implemented by J. Ferrer and A. Postnikov.

As we know, the orbital angular momentum is always defined with respect to a point in space. In the case of an
atom, this point is defined by the center of that atom and we obtain the well known s, p, d, f, orbitals with a well
defined l and mz values. The addition of orbital angular momenta is made with no difficulty in this case.
For a system of atoms or a molecule it is common to define the momentum with respect to the gravity center of

the system. The method developed in SIESTA follows a similar strategy by considering an arbitrary point in space
so that the total orbital angular momentum is defined with respect to that as,

L =
∑

a,ma

(La + Lma
) (B1)

where La denotes the angular momentum of the atom a and Lma
is the orbital angular momentum of the electron

m in atom a with respect to the atom center. Then, it is assumed that pa = 0 for all the atoms and thus the total
orbital angular momentum is just the sum of the momenta of each electron with respect to their respective center.

We will consider a solid with M unit cells and N electrons per unit cell. We will use the following nomenclature:
a: atom in unit cell;
m, n: orbital in unit cell;
µ, ν: orbitals in supercell.
The eigenstates |ψk〉 are calculated in SIESTA using LCAO methods as the linear combination of a set of localised

wavefunctions; for periodic systems this can be expressed as,

|ψk〉 =
∑

R,n

ei k (R+dn)

(

cn,k↑
cn,k↓

)

|ϕR,n〉 (B2)

where |ϕR,n〉 = |Rn,ln〉 ⊗ |ln,Mn〉. Both radial and angular parts are centered at the position dn of the atom n. The
electron density is written as,

ρR =
∑

n

fn |ϕR,n|2 (B3)

in which fn is the occupation number of the state |ϕR,n〉. The expectation value of the angular momentum of the
atom a can be expressed as,

〈

~La

〉

=

∑

k

fk 〈ψk| ~La |ψk〉
∑

k

fk 〈ψk| ψk〉
=

1

M N

∑

R,R′,m,n

〈ϕR,m| ~La |ϕR′,n〉
∑

k

fk e
i k (R′−R+dn−dm) (

c∗m,k↑ cn,k↑ + c∗m,k↓ cn,k↓
)

(B4)
Here the denominator

∑

k

fk 〈ψk| ψk〉 just gives the total number of electrons in the system, M N . This expression

can be simplified if the two-center approximation is used, leading to,

〈

~La

〉

≃ 1

M N

∑

ma,R′,n

〈ϕO,ma
| ~La |ϕR′,n〉

∑

k

fk e
i k (R′+dn−dma)

(

c∗ma,k↑ cn,k↑ + c∗ma,k↓ cn,k↓
)

+
1

M N

∑

R,m,na

〈ϕR,m| ~La |ϕO,na
〉
∑

k

fk e
−i k (R+dm−dna

)
(

c∗m,k↑ cna,k↑ + c∗m,k↓ cna,k↓

)

(B5)

Switching the indices m↔ n and R↔ R′ and relabelling (O, ma) → ma and (R, n) → ν, we finally have,

〈

~La

〉

=
1

M N

∑

ma,ν

[

〈ϕma
| ~La |ϕν〉

(

ρ↑↑ν,ma
+ ρ↓↓ν,ma

)

+ 〈ϕν | ~La |ϕma
〉
(

ρ↑↑∗ν,ma
+ ρ↓↓∗ν,ma

)

]

=
2

M N

∑

ma,ν

Im 〈ϕν | ~La |ϕma
〉 Im

(

ρ↑↑ν,ma
+ ρ↓↓ν,ma

)

(B6)
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where the density number matrix elements are given by,

ρσσ
′

ν,ma
=

∑

k

fk e
i k (R′+dν−dma) c∗ma,kσ′ cν,kσ (B7)

For isolated systems such as molecules the expressions obtained are equivalent but with k = 0.
The expression (B6) is implemented in SIESTA to estimate the angular momentum for each orbital. The angular

part of the matrix elements 〈ϕn| ~La |ϕν〉 = 〈Rn |R′
ν〉 〈ln,Mn| ~La |lν ,Mν〉 can be calculated analitically and stored in

tables. The spatial part is also initially calculated and stored as the overlap matrix elements Snν = 〈Rn |R′
ν〉. The

only coefficients that enter in the self-consistent calculation are the density matrix elements given in Eq. (B7).

APPENDIX C: DERIVATION OF BLOCKING TEMPERATURES FOR J = 1/2, 1 AND 4

In this appendix we derive some useful expressions that will be used for the estimation of the blocking temperatures
of molecules with different total angular momentum. The results are based on the assumption that there exist axial
symmetry and make use of the spin hamiltonian,

Ĥ = D Ĵ2
z (C1)

1. Total angular momentum j = 1/2

In this case we have the operators,

J =
1

2
σ (C2)

where σ are the Pauli matrices; for simplicity we are using ~ = 1 units. Using the known property of the Pauli
matrices σ2

i = I2, where I2 is the 2x2 indetity matrix, the hamiltonian is then simply written as

Ĥ =
D

4

(

1 0
0 1

)

(C3)

As the hamiltonian is proportional to the identity matrix, the expectation value for any eigenvector will be always
D/4. There is no energy difference between states with different total angular momentum orientation in this case and
thus there is no magnetic anisotropy.

2. Total angular momentum j=1

The total angular momentum operators for j = 1 are described by the following 3x3 matrices,

Ĵx =
1√
2





0 1 0
1 0 1
0 1 0



 , Ĵy =
1√
2





0 −i 0
i 0 −i
0 i 0



 , Ĵz =





1 0 0
0 0 0
0 0 −1



 (C4)

The hamiltonian is just

Ĥ = D





1 0 0
0 0 0
0 0 1



 (C5)

We will assume that m = +1 (for m = −1 the results are equivalent) and that it is oriented along the z axis. In this
case the state that characterizes the system is just

|1,+1〉z =





1
0
0



 (C6)
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The expectation value of the energy of this state is

Ez = z 〈1,+1| Ĥ |1,+1〉z = D
(

1 0 0
)





1 0 0
0 0 0
0 0 1









1
0
0



 = D (C7)

and the same for |1,−1〉z. Now we assume that the total angular momentum is oriented in a perpendicular direction
to the symmetry axis, lets say parallel to the x axis. This corresponds to the state

|1,+1〉x =
1

2





1√
2
1



 (C8)

which has an energy

Ex = x 〈1,+1| Ĥ |1,+1〉x =
D

4

(

1
√
2 1

)





1 0 0
0 0 0
0 0 1









1√
2
1



 =
D

2
(C9)

The energy difference is thus Ez − Ex = D
2 , which indeed corresponds to the MAE of the system. We see that

for negative D an easy axis configuration is energetically favorable while an easy plane configuration is achieved for
positive D.
On the other hand, the energy barrier Eb that separates the two states |1,±1〉z is just given by the difference

between Ez and the averaged value of the energy for the state |1, 0〉z. In this case,

Eb = D = 2EMAE (C10)

We can thus estimate the blocking temperature of the system using this result. We will consider two cases, one
for lifetimes of the order of τ = 1010 s (∼300 years), which are linked to device lifetimes, and a second case for
τ = 104 s (∼1 week) which are typical of laboratory lifetimes. We have already devised an expression for the blocking
temperature in the first case in Eq. (4) and a similar one may be derived for the second case, yielding the respective
blocking temperatures,

T dev
b = 0.05

EMAE

k
(C11)

T lab
b = 0.08

EMAE

k
(C12)

3. Total angular momentum j=4: application to Pt and Ir dimers

In order to have an order of magnitude of the blocking temperature against magnetic reversal for Pt and Ir dimers,
we can derive a similar expression for j = 4 as this is the total angular momentum calculated for both dimers according
to Ref. [8, 9]. Following the same method as for j = 1, we have derived for this case an anisotropy,

Ez − Ex = EMAE = 16D − 2D = 14D (C13)

On the other hand, the blocking energy is just Eb = 16D, which yields the following relation,

Eb = 1.14EMAE (C14)

In general, Eb/EMAE → 1 for large total angular momenta. In the case we are analyzing the blocking temperature
obtained for device and laboratory lifetimes are thus

T dev
b = 0.03

EMAE

k
(C15)

T lab
b = 0.05

EMAE

k
(C16)

We can now estimate this temperature for the Ir and the Pt dimers using the results given in Ref. [8, 9] and Ref.
[16]. The table XIV shows that the high blocking temperatures in the case of Pt dimers.
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Ir Pt
Ferrer et al. [8, 9] Blonski et al. [16] Ferrer et al. [8, 9] Blonski et al. [16]

EMAE(meV) 100 70 220 46
Eb (meV) 114 80 251 52

T dev
b (K) 30 21 66 14

T lab
b (K) 50 35 110 23

TABLE XIV: Energy barrier and blocking temperature derived from [8, 9] and [16] for Ir an Pt dimers assuming axial symmetry.

FIG. 18: Molecular bonds in a diatomic molecule formed by two transition metals (up), and a transition metal and a organic
atom (down). Although not explicitely indicated, bonding/anti-bonding molecular orbitals are derived for each of the options
shown above.

APPENDIX D: MEANING OF ORBITAL ANGULAR MOMENTUM IN DIATOMIC MOLECULES AND

TRIMERS

In this appendix we talk about the meaning of the orbital angular momentum in a diatomic and in a triatomic
molecule. We know that in an atom all the angular momentum has an electronic origin. However, in a diatomic
molecule there exist other contributions related with rotations about both axes perpendicular to the bond axis.
This means that nuclei and electrons may exchange angular momentum yielding a non quantized electronic angular
momentum; it is the total angular momentum, including both electronic and nuclei contributions, the quantized
magnitude.
However, if we consider rotations about the bond axis, the only contribution is provided by electrons and this

component is therefore quantized. The quantum number associated is commonly denoted by λ and is analogous to
the m number of the atomic case. The molecular orbitals are labelled according to λ so that when λ = 0 they are
called σ-orbitals, for λ = ±1 they are π-orbitals, for λ = ±2 they are δ-orbitals, etc; note that we are using ~ = 1
units. This differs from the case of an isolated atom fro which there are two quantum numbers, l and m, to determine
the orbital angular momentum.
The Fig. 18 shows the qualitative link between molecular orbitals and atomic orbital bonding for pure and mixed

dimers; bonding/anti-bonding splitting is not shown in the figure. Although it is not indicated, in general orbital
mixing is produced, that is, sd and sp hybridizations in the transition metals and the organic atoms respectively. This
implies 4 σ levels (2 bonding/2 antibonding). In the figure the antibonding orbitals are labelled with a superscript *
whereas the u/g subscripts correspond tol odd and even states respectively.
Considering trimers, we have the same situation whenever the atoms are collinear. However this configuration

may not be the most stable as a perfectly aligned geometry would allow more degeneracies than the minimum stated
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Molecular orbital Charge MM (µB) ML(µB)

s 1.75 0.00 0.00
py 0.90 0.35 -0.02
pz 1.30 0.24 0.00
px 1.10 0.05 -0.02

Molecular orbital Charge MM (µB) ML(µB)

s 1.20 0.12 0.00
dxy 1.50 -0.05 -0.02
dyz 1.85 0.15 0.01
dz2 1.80 0.10 0.00
dxz 1.45 -0.05 0.01

dx2−y2 1.70 0.00 -0.02

TABLE XV: Mulliken populations obtained for the PtN2 trimer oriented according to Fig. 19. The left table corresponds to
one of the N atoms (identical for the other) and the right table to the Pt. The magnetic momentum is mainly located in the
N atoms with ferromagnetic contribution of Pt atom. The total orbital magnetic momentum is close to 0.1 µB .

FIG. 19: Magnetic momentum distribution in PtN2: the left figure shows the positive isosurface indicating the main contribution
of N atoms to the spin, with ferromagnetic contribution of the Pt atom.

by the Kramer’s theorem yielding Jahn-Teller or magnetostrictive distortions. Under this situation there is no clear
symmetry axis along which we can define a quantized electronic angular momentum; the same will happen for more
complex molecules. As far as the system do not interact with the external world, only the total angular momentum
J will be a good quantum number. In terms of magnetic anisotropies, this does not difficult the possible existence
of an easy or a hard axis; indeed the synthetized single molecular magnets show quantized total magnetic momenta
multiplets, but it shall be kept in mind that the individual angular momenta of the different electrons do not have
to be quantized in general. We will find this characteristic along our results in the following sections for complex
molecules.

APPENDIX E: PT AND IR TRIMERS

Here we will analyze the properties of trimers composed by one transition metal and two non-metals. We will just
consider C-Ir-C (IrC2) and N-Pt-N (PtN2) trimers.
We have initially set the trimers geometry to be axially symmetric and carried out relaxation using SIESTA. In

both cases, the relaxed configurations break the symmetry so that the bonds between the organic atoms and the
transition metal form an angle of 102 for IrC2 and 132 for PtN2.
Going on with the PtN2 trimer, we have found that it has spin 1 with an orbital angular momentum with a

magnitude of -0.1 µB . The magnetic momentum distribution is shown in Fig 19. This time there exist ferromagnetic
contribution from the Pt atom although the main contribution comes from the N atoms. The Mulliken populations
in table XV show that the magnetic momentum is mainly provided by π∗ levels resulting from the hybridization of
py and pz orbitals, and s, dz2 and dyz orbitals. We have checked that there exist energy differences between in-plane
and perpendicular spin orientations considering the plane as that of the trimer that in our convention corresponds to
the x− z. In-plane configurations have an energy around 4 meV lower than perpendicular ones.

A similar result is found for the IrC2 trimer, which has spin 1/2 and negligible orbital angular momentum. The
distribution of the magnetic momentum is shown in the Fig. 20 and the Mulliken populations are given in the table
XVI. This time there is a large delocalization of the spin momentum; although the unpaired electron is provided by
the Ir atom, the results show that the largest contribution to the spin is given by the C atoms.

In summary, these simple examples we have seen that when the Ir and the Pt atoms bind with multiple organic
atoms, the magnetic momentum may be largely delocalized towards the p-orbitals of those organic atoms, yielding at
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Molecular orbital Charge MM (µB) ML(µB)

s 1.75 0.00 0.00
py 0.50 0.06 0.00
pz 0.75 0.06 0.00
px 0.90 0.50 0.00

Molecular orbital Charge MM (µB) ML(µB)

s 1.40 0.02 0.00
dxy 1.45 -0.07 -0.02
dyz 1.45 -0.05 0.00
dz2 1.50 -0.05 0.00
dxz 1.30 0.00 0.00

dx2−y2 1.60 -0.04 -0.02

TABLE XVI: Mulliken populations obtained for the IrC2 trimer oriented according to Fig. 20. The left table corresponds to
one of the C atoms (identical for the other) and the right table to the Ir. The magnetic momentum is mainly located in the C
atoms with antiferromagnetic contribution of Ir atom. The total orbital magnetic momentum is negligible.

FIG. 20: Magnetic momentum distribution in IrC2: the left figure shows the positive isosurface indicating the main contribution
of C atoms to the spin, with antiferromagnetic contribution of the Ir atom.

the same time orbital quenching.

APPENDIX F: EFFECT OF JAHN-TELLER DISTORTIONS ON THE ORBITAL ANGULAR

MOMENTUM OF THE FEPC MOLECULE

In this appendix we study the orbital quenching produced in the FePc molecule due to Jahn-Teller distortions.
There exist studies [50, 51] that indicate that the expectation value of the orbital angular momentum of the molecule
shall be 〈Lz〉 = 1 with easy axis configuration. This is in contradiction with our results in which we have found that
〈Lz〉 ∼ 0.05 according to the Mulliken population which is detailed in table XVII for the Fe atom.

In Ref. [50, 51], it is considered a simple description in that the Fe atom is in a square planar environment
surrounded by four N atoms. The energy level pattern of the 3d shell of Fe2+ is thus calculated taking into account
the splitting according to the spin. The levels are then filled up to the Fermi level (6 electrons for 3d shell) and it is
seen that the states |2, 1〉 and |2, 0〉 are singly occupied, resulting in the mentioned ground state with 〈Lz〉 = 1. A
sketch of the energy level spectrum and electron filling is shown in Fig. 22, which is based on the interpretation given

Orbital Charge MM (µB) ML(µB)

3dxy(b2g) 1.96 0.01 0.00
3dyz(eg) 1.73 0.18 0.02
3dz2(a1g) 1.03 0.89 0.00
3dxz(eg) 1.10 0.86 0.02

3dx2−y2(b1g) 0.84 0.10 0.00
Total 6.66 2.06 0.04

TABLE XVII: Mulliken population for the 3d shell of Fe atom obtained for out of plane spin configuration in FePc after force
relaxation up to 0.001 eV/Å.
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FIG. 21: Projected density of states of d-orbitals of Fe in the relaxed geometry of FePc for out of plane configuration. The
Fermi energy level corresponds to the energy origin and is indicated by dashed line.

FIG. 22: Energy level spectrum of the 3d shell of Fe2+ according to [51].

in Ref. [51].
From the table XVII we have that the electronic configuration of the 3d shell of Fe is approximately

d2xy (dxz, dyz)
3 dz2 which agrees with the literature [47, 50] and the Fig 22. However, our orbital angular momentum

does not agree. We have to look at the actual symmetry of the relaxed molecule to find the reason for this. If we force
the environment of the Fe to be a perfect square planar one, we find that the orbital angular momentum obtained by
SIESTA is close to 〈Lz〉 = 0.58µB . If we look at the Mulliken populations in table XVIII, we see that the orbitals
3dyz(eg) and 3dxz(eg) are degenerated in the symmetric crystal field and that they are the only contributors to the
orbital angular momentum. This can be also seen in the projected density of states (PDOS) obtained for the d-orbitals
of the Fe atom as shown in Fig 23, which is identical for both orbitals.
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Orbital Charge MM (µB) ML(µB)

3dxy(b2g) 1.96 0.01 0.00
3dyz(eg) 1.41 0.54 0.29
3dz2(a1g) 1.04 0.90 0.00
3dxz(eg) 1.41 0.54 0.29

3dx2−y2(b1g) 0.85 0.11 0.00
Total 6.66 2.10 0.58

TABLE XVIII: Mulliken population for the 3d shell of Fe atom obtained for out of plane spin configuration in FePc with perfect
square planar environment.

FIG. 23: Projected density of states of d-orbitals of Fe obtained in perfect square planar symmetry for out of plane configuration.
The Fermi energy level corresponds to the energy origin and is indicated by dashed line.

In the relaxed geometry the degeneracy of these orbitals is lifted by Jahn-Teller distortion so that the initial square
environment becomes rhombohedral. This yields orbital splitting as is shown in the table XVII with a different charge
and spin momentum for orbitals 3dyz(eg) and 3dxz(eg) and a negligible orbital angular momentum. The differences
are well identified in the PDOS in Fig. 21. Thus, our result shows that due to the Jahn-Teller effect the symmetry
of the system is reduced which yields orbital quenching.
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CHAPTER 5: Impact of edge shape on the functionalities of graphene-based

single-molecule electronics devices

Graphene has become one of the most studied systems in the recent years due to its interesting
properties in a wide range of aspects. Focussing on electronic applications, it has unique properties
excellently matching the requirements for ideal electrodes: it is an extraordinary conductor, it
is mechanically extremely robust and chemically very stable, and it withstands electro-migration.
Recent advances in graphene nanoribbon fabrication and patterning [2, 3, 6, 7] shed weight on the
plausibility of the use of graphene [8, 15] as a future nanoelectronics technology. However, a crucial
pending issue for the use of graphene nanoelectronics is the difficulty in controlling the edges of
graphene sheets which could influence not only the electronic properties of the graphene electrodes
but also change arbitrarily the coupling and switching functionality of the molecules attached.
The aim of the work is to investigate the electronics and transport properties of different edge
morphologies of graphene-wedge single-molecule junctions. Different simple molecules as Benzene-
dithiolate (BDT) or bipyridine (BPD) are included in the molecular circuit bridging the graphene
electrodes, showing a large variety of non-trivial functionalities provided a suitable wedge is chosen.
Specifically, it will be shown that some graphene-wedge BDT and BPD junctions show negative
differential resistance (NDR) [9], spin-filtering (SP) behavior [10] and Fano resonances. Non-trivial
functionalities such as NDR [11, 12], switching behavior [13] or spin filtering effects [14, 29] in
graphene-based atomic or molecular junctions have actually been predicted in the recent past.

1. INTRODUCTION

The electronic properties of graphene are known since 1947 when Wallace derived its band structure [24]. At that
point it became clear the unsual semimetallic behavior of this material, but no more efforts were applied on the
search of possible applications; the results derived were consider as simple simplifications for the study of the graphite
properties. Graphene may be physically obtained from graphite just by pressing it along a surface, as is commonly
done when a pencil is used. In this way, graphene stacks are deposited on the pressed surface; some layers could
consist on isolated graphene. However, it was not until 2004 when graphene was truly isolated for the first time in
a controlled way [1]. Indeed before that achievement there were serious doubts about the stability of graphene as a
crystal and it was not clear that it could be isolated in any way.
In the present days there exist several methods to isolate graphene structures and thus the time to exploit its

interesting electronic properties is not so far. Recent advances in graphene nanoribbon fabrication and patterning
[2, 3, 6, 7] shed weight on the plausibility of the use of graphene [8, 15] as a future key ingredient in the nanoelectronic
technology. The deployment of graphene nanoelectronics shows inherent advantages, since the unique two-dimensional
nature of graphene should enable the fabrication and visualization of stable nanometer-size devices of controlled shape.
The persistent inability to visualize and control the shape of bulky noble metal electrodes at the atomic scale, as well as
the positioning of molecules inside the physical gap is hindering the blossoming of molecular electronics as a mature
science and its deployment as a technology. Graphene’s flat nature should enable the imaging and control of the
features of single-molecule junction with atomic precision via scanning tunneling microscopy techniques. This could
allow the detailed characterization of the junctions by correlating the experimentally-determined atomic arrangement
with the electrical properties and with the results of theoretical calculations. In addition, using molecules to bridge
graphene nanojunctions should furnish the array of expected applications of graphene electronics with a whole suite
of new functionalities [16, 17].
A crucial pending issue for the use of graphene in nanoelectronics is the difficulty in controlling the edges of graphene

sheets. This could influence not only the electronic properties of the graphene electrodes but also change arbitrarily
the coupling and switching functionality of the molecules attached. However, controlled formation of sharp zigzag
and armchair edges has been achieved [18]. Furthermore, nanogap electrodes with gap-size below 10 nm have been
recently demonstrated, together with gating of single- or few-molecule junctions [19]. Another approaches that could
lead to the controlled formation of nanogap graphene electrodes include atomic force microscopy nanolithography of
graphene [20] and atomically precise fabrication of graphene nanoribbons by on-surface synthesis methods [21, 22].
The tiny size of the currents involved in single- or few-molecule electronic junctions render measuring them a

difficult task. Various solutions have been proposed to solve this problem, but until now none of them have been
thoroughly tested. The small size is mainly a consequence of the mismatch between the on-site energy levels of the
molecule and of the metallic electrodes, which reduces the coupling between them and therefore decreases the width
of the transport resonances. A simple alternative would therefore consist of choosing electrodes with on-site levels
that match to the molecule ones, because this would enhance the transmission through the system and improve the
transport properties. Graphene seems the perfect candidate because carbon is the main ingredient in most molecular
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compounds.

A. Graphene bandstructure

The graphene bandstructure may be found by considering a tight binding approximation to describe systems with
a two-atoms unit cell and one orbital per atom. The graphene is just a bipartite lattice with two sublattices that
we will call A and B for which it is possible to derive a general hamiltonian that can be extended to describe the
bandstructure of other similar systems. In general it is a good approximation to consider that only one orbital
contributes to the energy bands close to the Fermi level; for graphene these orbitals are the 2 pz (π bands). A general
expression for such two sublattices system is,

Ĥ(k) = h0(k) I+
−→
h (k) · −→τ (1)

where I is the 2x2 identity matrix and −→τ = (τx, τy, τz) are the Pauli matrices. We will take the energy origin at

h0(0) so we will define ˜h0(k) = h0(k) − h0(0). We will assume only nearest neighbor interactions so that the atoms
of one sublattice are not connected to the atoms of the same sublattice. This implies that the diagonal terms cannot

be functions of k leading to ˜h0(k) = 0 and hz(k) = hz. All in one, gives the hamiltonian,

Ĥ(k) =

(

hz h−(k)
h+(k) −hz

)

(2)

where,

h±(k) = hx(k)± i hy(k) (3)

A hamiltonian like this would yield an energy gap, which is consistent with the Horava argument which indicates
that Fermi points for Dirac fermions in two dimensions are unstable [23]. However there exist ways to stabilize these
points if discrete symmetries are present. In graphene, time reversal (T ) and spatial inversion (P) symmetries play
this role.
Space inversion, also called parity transformation, causes spatial reflection,

P̂ ψ (r, k, s) = ψ (−r, −k, s) (4)

where r represents the space vector coordinates, k is the momentum vector and s the spin.
It is important to note that in a two dimensional plane, as is the case of graphene, the parity consists on flipping

only one of the dimensions, x or y, but not both as this would correspond to a π-degrees rotation. The matrix
representation of the parity has determinant equal to -1 whereas rotations correpond to determinant equal to +1.
This subtlety is a property of even spatial dimensions.

Considering the off-diagonal elements of Eq. (3), we see that the operation may be represented as,

P̂ = τx ⊗ Iσ (5)

where Iσ is the identity matrix for the spin sector, which is unaffected by space inversion. In graphene, it is equivalent
to the exchange of the A and B sublattices; space inversion would be violated in case of inequivalent atoms in the
unit cell. From this we see that the effect of the parity transformation is just the exchange (x, y) → (−x, y) which
corresponds to a space inversion in 2D.

Applying this to the hamiltonian in Eq. (2) we arrive at,

P̂ Ĥ P̂−1 =

(

−hz(−k) h+(−k)
h−(−k) hz(−k)

)

(6)

where we have assumed that hz may be a function of k. To avoid violation of the inversion symmetry, the following
conditions shall be fulfilled,

− hz(k) = hz(−k) (7)

h∓(k) = h±(−k) (8)

On the other hand, time reversal implies

T̂ ψ (r, k, s) = ψ (r, −k, −s) (9)
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which leads to the final expression,

T̂ = i Iτ ⊗ σy K (10)

where K is an operator that complex conjugates the amplitudes of the wavefunctions. T̂ is thus an anti-unitary
operator that do not reverse the space coordinates but reverses momentum and spin keeping the sign of the energy
unaltered.
Applying time reversal on the hamiltonian of Eq. (2) results in,

T̂ Ĥ T̂ −1 =

(

hz(−k) h∗−(−k)
h∗+(−k) −hz(−k)

)

(11)

and the symmetry is satisfied whenever,

hz(k) = hz(−k) (12)

h±(k) = h∗±(−k) = h∓(−k) (13)

Combining Eq. (7) and (12) we see that the condition to keep both symmetries is hz(k) = 0. On the other hand, the
conditions in Eq. (8) and (13) are equivalent and so are always fulfilled. Thus, we finally arrive at the hamiltonian,

Ĥ(k) =

(

0 h−(k)
h+(k) 0

)

(14)

where we see that there is no mass term that can induce any gap in the spectrum.

1. Determination of graphene bandstructure

We already have the most general expression for the hamiltonian of graphene in terms of a system that obeys space
inversion and time reversal symmetries. As we have already indicated, we will consider nearest neighbor hopping
terms so that the hamiltonian can be written as,

Ĥ = −t
∑

<i,j>,σ

(

â†i,σ b̂j,σ + b̂†j,σ âi,σ

)

(15)

where âi,σ annihilates an electron with spin σ on site Ri on sublattice A and b̂j,σ does the same on sublattice B;
t ∼ 2.8 eV is the hopping term. According to the Fig. 1 we can be defined the lattice vectors as,

a1 = x̂ a+ ŷ b (16)

a2 = x̂ a− ŷ b (17)

where a = 3 a0

2 and b =
√
3 a0

2 ; x̂ and ŷ define the unit vectors in the directions x and y respectively. In the case of

graphene, a0 = 1.42
o

A.
The reciprocal lattice is easily defined by the vectors,

A1 = x̂
π

a
+ ŷ

π

b
(18)

A2 = x̂
π

a
− ŷ

π

b
(19)

Using these results we obtain the hamiltonian,

h(k) =

[

0 −t [1 + exp (ika1) + exp (ika2)]
−t [1 + exp (−ika1) + exp (−ika2)] 0

]

=

[

0 f(k)
f(k)∗ 0

]

(20)

where it has been defined,

f(k) = −t [1 + exp (ika1) + exp (ika2)] = −t
(

1 + 2 ei kx a cos(ky b)
)

(21)
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FIG. 1: Honeycomb graphene structure (left) indicating the unit cell in red and the lattice vectors; the value of a0 is 1.42 Å.
Reciprocal lattice (right).

FIG. 2: π∗and π bands graphene bandstructure.

Then the eigenvalues are given by,

E(k) = ± |f(k)| = ±t
√

1 + 4 cos(ky b) cos(kx a) + 4 cos2(ky b) (22)

The valence band (π∗) is given by the − sign while the conduction band (π) is defined by the + sign.
Now we focuss on the physics around the Dirac points, where the two bands are in contact. The location in the

reciprocal space of the regions with E(k) = 0 can be obtained from the previous expressions when ei kx a cos(ky b) =
−1/2 whose solution corresponds to the six corners of the Brillouin zone, kx a = 0, ky b = ±2π/3 and kx a = π,
ky b = ±π/3.
These points provide the states around the Fermi level and determine the electronic properties of the graphene.

They can be divided into two groups with three points each one that are equivalent because they only differ by a
reciprocal lattice vector. Hereafter, we will denote the vectors of each group asK andK

′ respectively. The (equivalent)
vectors that define each group are,

(Kx a, Ky b) = (0,−2π/3) , (−π, π/3) , (π, π/3) (23)
(

K ′
x a, K

′
y b

)

= (0, 2π/3) , (−π,−π/3) , (π,−π/3) (24)

Those points where the valence and conduction bands make contact are known as Dirac points. Each carbon atom
will provide one electron to the 2 pz band so that the valence band will be fully occupied and the conduction band fully
empty. This means that the Fermi level will be located right at the zero energy level, that is, at the Dirac points. For
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low energies, it is possible to consider that only states with wave-vectors close to those points are important and one
can do a Taylor expansion around the Fermi level to obtain the dispersion relation. This yields for the hamiltonian
terms,

f(k) ≈ −t a0 eiKx a
(

3 i qx cos (Ky b)−
√
3 qy sin (Ky b)

)

(25)

where we have defined qµ = kµ −Kµ. A second expression is easily obtained for the other group of Brillouin corners

by replacing unprimmed Kµ by primmed quantities K
′

µ . This may be further reduced by checking that for any two
K and K

′ vectors it is obtained an expression like,

f(k) ≈ −t a (−i qx ± qy) (26)

where + sign applies to expansions around K while the minus sign corresponds to expansions around K
′. The

dispersion relation is just given by

E(q) = ±a t
√

q2x + q2y (27)

which corresponds to the energy-momentum relation

E(q) = ±vF ~ q (28)

where vF = a t
~

= 3 a0 t
2 ~

= 8.7 × 105m/s for graphene. We obtain the well known linear relation between energy and
momentum.

B. Graphene nanoribbons

Up to now we have analyzed the bandstructure of the bulk of graphene. However, for nanoelectronic purposes, it
is interesting to assess the electronic properties of finite structures based on graphene. Among these structures, the
most interesting are the graphene nanoribbons (GNR), which consist on strips with a finite width in the range of 50
nm or less. They can be obtained by cutting a graphene sheet along a given direction. The honeycomb structure
of graphene let two possible edge shapes known as armchair and zigzag. These idealized shapes are not observed
experimentally as the edges usually show a high degree of roughness. However, in this section we will briefly analyze
the electronic structure of idealized nanoribbons.
The presence of edges implies restrictions on the electronic wavefunctions on those areas that could develop gaps.

The geometrical restrictions impose boundary conditions on the Schrdinger equation, leading to the discretization
of the wavefunction in the confinement direction resulting in the apparition of subbands. In order to determine the
bandstructure of the different GNR in the low energy approximation, we will make use of the Dirac equation for
graphene.
Now we we will analyze the bandstructure of each GNR type.

1. Zigzag GNR

The Fig. 3 shows an sketch of the structure of a zigzag nanoribbon. We have oriented the system so that it is
periodic in the x-axis direction and the adges are placed at y = a0, a0+W with W the width of the ribbon, It can be
seen that one of the edges is composed entirely by A type carbon atoms and the other by B type. It is also possible
to have both edges composed by the same type of carbon atoms but we will not consider this case here.

In the case of different carbon atom type edges, the dispersion relation in the low energy limit can be written as
[25],

ǫ2 = q2x − z2 (29)

with ǫ = E/vF . Here z is obtained as a function of qx from the eigenvalue problem,

e−2 zW =
qx ∓ z

qx ± z
(30)

The − sign in the numerator (+ in denominator) corresponds to solution around the K point while the other combi-
nation corresponds to solutions around K’. There exist real and complex solutions as can be seen in the bandstructure
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FIG. 3: Lattice structure of zigzag nanoribbons. The red dots indicate the carbon atoms removed to form the GNR and
correspond to the boundaries where the wavefunction must vanish. The structure is periodic along the x-axis. The edges have
equal number of atoms from both sublattices.

FIG. 4: Bandstructure of zigzag GNR for W = 27.69 Å (a) and zoom on one of the Dirac points where flat bands are located
at the Fermi level.

plot in Fig. 4. We find there that there exist a threshold to |qx| above which the bandstructure becomes flat and
degenerate at the Fermi level and below which the energy levels resemble the Dirac cones of the bulk graphene. The
position of this point is enterely defined by the width of the nanoribbon. The flat band at the Fermi level implies the
presence of a sharp peak in the density of states at EF . These electronic states are mainly located at the edges and
penetrates into the ribbon. If the ribbon width is not too large, it is possible that opposite edges states overlap and
form bonding and antibonding states.
Another important characteristic of zigzag GNRs consists on the presence of magnetic order along the edges. The

magnetization is the result of the existence of narrow bands at the Fermi level. The sharp peak in the density of
states at the Fermi level leads to a Curie-like temperature dependence of the Pauli paramagnetic susceptibility. It is
thus predicted a crossover from a high temperature diamagnetism to a low temperature paramagnetism. With the
inclusion of spin degree of freedom, the zigzag GNRs will have a magnetic insulating ground state with ferromagnetic
ordering at each zigzag edge and antiparallel spin orientations between the two edges. The parallel option is a few
meV in energy above the ground state.
The energy gaps in zigzag GNRs can be explained from the staggered sublattice potentials as a result of the magnetic
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FIG. 5: Lattice structure of armchair nanoribbons. The red dots indicate the carbon atoms removed to form the GNR and
correspond to the boundaries where the wavefunction must vanish. The structure is periodic along the x-axis. The edges have
equal number of atoms from both sublattices.

ordering. Since the staggered potentials in the middle of the ribbon decreases with the width, the band gap will be
inversely proportional to the width.

2. Armchair GNR

The armchair GNR corresponds to a cut for which the edge looks as repeated armchairs. This can be seen in the
Fig. 5, where also sublattices A and B are indicated. We have again oriented the structure so that it is periodic along
the x-axis and finite in the y-axis. It is common to define the width W of the ribbon in terms of the number Nd of
dimers along the y-direction as,

W = b (Nd − 1) (31)

The dispersion relation in this case can be written as [25],

ǫ2 = q2x + q2n (32)

where the allowed values for qn are given by,

qn =
nπ

W
− 4π

3
√
3 a0

(33)

The most striking characteristic is that the width of the ribbon, or what is the same, the number of dimers along the
y-direction, defines the presence/ausence of gap. There exist a metallicity condition given by,

Nd = 3n− 1 (34)

with n integer. That is, whenever the condition in Eq. (34) is fulfilled, the structure becomes metallic and for any
other case, a gap is opened. The Fig. 6 shows the energy bands around the Dirac points for Nd = 4 and 5; the first
case has an open gap while the second, which fulfills the condition (34), is metallic. The full band structure may be
calculated by using the tight binding method with no restrictions. This leads to the structure depicted in the Fig. 7.

C. Non-trivial functionalities in molecular circuits

Here we will make a summary of some of the non-trivial functionalities that can be found in molecular circuits. We
will concentrate specifically on spin filtering, negative differential resistance and Fano resonances as they will emerge
in the systems that we will analyze in the next section.



126

FIG. 6: Bandstructure of armchair GNR around the Dirac point in the low energy regime for (a) Nd = 7 and (b) Nd = 5. The
first case shows an open gap while the second is metallic as the gap closes.

FIG. 7: Bandstructure of armchair GNR for (a) Nd = 15 and (b) Nd = 17.

1. Spin filtering

The spin filtering (SP) effect can appear when magnetic molecules join two paramagnetic noble metal electrodes.
This effect has been predicted to appear when Mn12 molecular magnets bridge gold electrones[10]. It originates
because the nanojunction allows the passage of only one of the two spin components from one side to the other.
Spintronics phenomena in graphene-based electronics were also proposed some time ago[30–32] because zigzag edges
either unpassivated or passivated with a single hydrogen per carbon atom are magnetic.
Graphene shows the paradigm of bipartite lattices; the bipartite nature explains the reason why some graphene

structures show half filled π states at the Fermi level with spin-split due to electron-electron interactions. Whenever
these interactions are local and the electron-hole symmetry is preserved, the existence of a magnetic ground state
with total spin S = |NA −NB | /2 is guaranteed where NA − NB is the difference between the number of atoms of
each sublattice.
This is in the heart of the theorems stated by Lieb [52] for the Hubbard model with a bipartite lattice and a

half-filled band. The Hubbard model can be written as,

Ĥ =
∑

σ

∑

x,y∈Λ

txy ĉ
†
xσ ĉyσ +

∑

x∈Λ

Ux n̂x↑ n̂x↓ (35)

where Λ is a finite lattice. This lattice is considered as bipartite whenever the sites of Λ may be divided into two
disjoint sets A and B and there are only nearest-neighbor interactions. NA and NB will be the number of sites in
each sublattice so that NΛ = NA +NB ; the number of electrons will be N ≤ 2NΛ.
It is then stated that assuming Ux = U > 0 and that Λ is even and bipartite with NA ≥ NB , and that N = NΛ

(half filled band), the ground state of Ĥ is unique (apart from the trivial (2S + 1)-fold degeneracy) and has spin
S = |NA −NB | /2. The theorem indeed holds in the limits U = 0 and U → ∞.
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FIG. 8: Two level system used to describe the NDR mechanism produced by the localization of states near the contacts in
molecular electronics systems.

This sublattice imbalance is present e.g when a carbon atom is removed from bulk graphene or, more important
for our future discussion, when the graphene is cut into triangular shapes with zigzag edges. There are cases for
which NA −NB = 0, as it is the case of zigzag GNRs, for which magnetic solutions are also available but always with
antiferromagnetic order on top of a local magnetic order.
The Lieb theorem however stands on several assumptions that do not have to apply on real graphene structures, i.e.

that the bipartite atomic structure is preserved, the hydrogenation or passivation of the π states does not occur and
that the Hubbard model is a good approximation to describe graphene. The passivation of the structure is difficult
to be avoided unless the structure is fully isolated from its environment. There exist simulations indicating that
the most energy favourable configuration for passivated zigzag GNRs is obtained with a sequency of 2-2-1 hydrogens
attached to the edge carbon atoms [26]. The DFT calculations using this sequence yield paramagnetic groundstates.
Furthermore, if passivation is avoided in ultra-high vacuum conditions, the equilibrium atomic structure may be
reconstructed destroying the bipartite condition. The use of substrates may be in this case favourable as could
prevent structure reconstruction, but it is not clear how they could affect the magnetic properties [26, 27].

2. Negative differential resistance

The NDR effect is also sought after at the nanoscale due to its wide variety of uses and applications such as
in digital to analog converters, oscillators, rectifiers and amplifiers [33]. An efficient NDR device is expected to
display I-V characteristics featuring a sharp current peak at low bias voltages, immediately followed by a low current
minimum. Several mechanisms producing the NDR effect have been proposed. In molecules between silicon electrodes
it is produced by the motion of resonances towards the silicon gap [34]; this motion reduces the transmission through
the system and decreases the current. Another possible mechanism is a voltage-driven energy mismatch of molecular
levels which leads to the destruction of resonances [35–37, 39].
A possible origin of the specific NDR effect found in systems such as those studied in this work is pointed out in

[28]; it is related with the presence of pairs of electronic states placed close to the Fermi level and localized close
to the molecule-graphene contacts. When a bias voltage is applied these two states will move in different directions
producing a reduction of the width and height of the corresponding resonances in the transmission coefficients. This
will be reflected in a reduction of the current when the voltage is increased, leading to NDR. In contrast, states that
are localized in the middle of the molecule are not so much affected by the bias voltage.
To have a quantitative image of the origin of the NDR we will consider a simple example in which we have a two

level system represented in Fig. 8 as a double site molecule coupled to left and right reservoirs. The levels ε0 of the
system may be considered as located at the contacts and have an energy that is very close to the Fermi level EF of
the leads. For a strong hopping t, the two levels will interact and form bonding and antibonding states with energies,

E± = ε0 ± t (36)

As it is well known, the coupling between the levels will define the shape of the transmission. We will calculate the
transmission by using the Landauer’s theory [38] which states that,

T (E) = Tr [Gr ΓLG
a ΓR] (37)
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where ΓR/L correspond to the spectral densities of the electrodes and Gr/a are the retarded and advanced Green’s
function respectively. The coupling to the electrodes may be represented by self-energy terms ΣL/R that for this
simple example will be considered independent of the energy; this simplification is known as the wide-band limit
(WBL). In this case, we will have,

ΣL = −i γ
(

1 0
0 0

)

; ΣR = −i γ
(

0 0
0 1

)

(38)

The broadening functions are then defined as,

ΓL/R = i
[

ΣL/R − Σ†
L/R

]

(39)

We will apply a bias potential to the system so that the left site will have a potential +U/2 while the right side will
have −U/2. The potential term is thus also considered in the calculation of the retarded Green’s function,

[Gr]
−1

=

(

E + i δ − ε0 − U/2 + i γ −t
−t E + i δ − ε0 + U/2 + i γ

)

; Ga = [Gr]
†

(40)

where δ is a positive infinitesimal. Using (38), (39) and (40) in (37), the transmission is given by,

T (E, U) =
4 t2 γ2

(ǫ2 + γ2 −W 2)
2
+ 4 γ2W 2

(41)

where we have defined ǫ = E − ε0 and W 2 = t2 + U2/4. The current may be obtained by using the expression [38],

I(U) = G0

∫ ∞

−∞

T (E, U) [f1(E)− f2(E)] dE (42)

where fi(E) are the Fermi distribution functions that at zero temperature is simply given by fi(E) = θ(E −µi); here
θ(x) is the Heaviside function and µi = EF ± U/2 is the chemical potential. G0 is the conductance quantum which
is given by 2 e2/h.
For U = 0 the levels produce Breit-Wigner resonances [46] of height equal to one located at energies E = ε0 ±

√

γ2 − t2. As the bias potential is increased, the height of the resonances is reduced so that Tpeak = t2/
(

t2 + U2/4
)

but at the same time they become wider. This can be seen in the Fig. 9 A1 and A2.
According to Eq. (36), when the coupling t is small there is a near degeneracy of the bonding-antibonding states

and the system will have two asymmetric levels. The two Breit-Wigner resonances will merge into a single resonance
with narrower width that corresponds to the transmission of the two asymmetrically coupled levels. As the bias
potential is increased the on-site energy of the levels become different and the two peaks start to separate while their
height is drastically reduced. This behavior produces an initial increasing of the current with a maximum at a given
bias from which will go towards zero in the limit of U → ∞. All of this is clearly shown in Fig. 9 B1 and B2.
It is important to stress that the levels shall be localized on the contacts [28] in order to produce NDR. In this

way they will produce sharp resonances near the Fermi level. If the two levels hybridize with the electrodes then the
transmission peaks will be broader and there will be more difficulties to develop NDR.

3. Fano resonances

A resonance is known as an enhancement of the response of a system to an external excitation at a given frequency.
Many physical systems also show the opposite behavior, that is, when some frequency condition is met, the response
is suppressed; in this case we talk about an antiresonance. In general, a system may show the so called Breit-Wigner
resonances [46] that are described by Lorentzian functions and imply an enhancement of the response, but also Fano
or shape resonances [47, 48] characterized by an asymmetric profile with a sharp suppresion of the response near an
eigenfrequency of the system.
Shape resonances were explained for the first time by Fano [48] in the field of the absorption spectra of noble gases

as a result of the coupling between bound states of one channel with the continuum states of another. Assuming that
the coupling between a discrete bound state with a continuum of states is zero and using perturbation theory, Fano
derived a formula for the shape of the resonance profile [47, 48] of a scattering cross-section

σ =
(ǫ+ q)

2

ǫ2 + 1
(43)
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FIG. 9: Transmission and characteristic curve obtained for the two site molecule with ε0 = 0.1 and γ = 0.05 for (a) t = 1.25
and (b) t = 0.04. The Fermi energy is fixed at EF = 0, close to the on-site energies ε0.

FIG. 10: Normalized Fano profiles for several q values. Normalization prefactor is 1/
(

1 + q2
)

.

where q is a phenomenological shape parameter that defines the ratio of transition probabilities to the mixed state
and to the continuum, and ǫ = 2 (E − EF ) /Γ is a reduced energy. EF is a resonant energy and Γ the width of the
auto-ionization state.
The formula gives a maximum at ǫ = 1/q and a minimum at ǫ = −q. In the limit |q| → ∞ the transition to

the continuum is very weak and the standard Breit-Wigner resonance determines the transition through the discrete
state. When q is of the order of unity both discrete and continuum transitions are comparable giving an asymmetric
profile. Finally, as q → 0 a symmetrical dip is produced leading to the so called antiresonance.

In general, it can be said that Fano resonances are produced by destructive interference. The resonant frequency
of the discrete level EF is placed between the maximum and minimum of the asymmetric profile with the parameter
q defining the relative deviation: when |q| → ∞ the resonant frequency coincides with the maximum and when q = 0,
with the minumum, while at q = 1 it is between both extreme points.

Any system in which there are at least two scattering paths available may show Fano resonances. Considering
electronic transport, it is possible to arrive at situations in which Fano resonances are produced. Indeed there exist
simple models to describe the main features of the Fano resonance based on electronic transport systems such as the
Fano-Anderson model [49, 50].
The presence of Fano resonances can be already found in a simple system based on an infinite chain in which is

included an extra site as is shown in Fig. 11 that provides a second path for the electronic transport. We can calculate
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FIG. 11: Sketch of a system with Fano resonances; the extra site perpendicual to the chain provides a localized level which is
responsible of the presence of the resonance.

FIG. 12: Transmission as a function of the energy in γ units for zero bias for the system described in Fig. 11.

the transmission following the same procedure as for NDR, which for zero bias yields,

T (ε) =
4 ε2

ε2 (ε2 + 1.07) (ε4 − 5.74 ε2 + 7.45) + 1
(44)

where ε = E/γ. This corresponds to the Fano formula (43) with q = 0. A propagating wave has two possible paths,
one going through the chain directly and the other visiting the Fano state and returning back to the chain before
continue with the travel. In this way, destructive interference is allowed. We find in the Fig. 12 the Fano resonances
as a fnction of the energy in γ units.

Fano resonances are expected to be found in molecular circuits based on junctions linked by a molecule. The
graphene electrodes will take the role of the linear chain of the simple model described, while the molecular junction
will provide the second subsystem with several discrete states that will provide the Fano states.

2. TRANSPORT IN MOLECULAR JUNCTIONS WITH WEDGE SHAPE GRAPHENE ELECTRODES

Up to this point we have just introduced the main electronic properties of the bulk graphene and GNRs with
special mention to their bandstructure. We have also give a short description of some of the non-trivial functionalities
that can be found in molecular circuits. It is time now to show the results we have obtained for the molecular
nanojunctions using graphene electrodes terminated in wedges with either armchair, zigzag or mixed edges, and how
these functionalities make presence. First we describe the methods used for the analysis. We then make a brief
discussion about the issues we found during the relaxation of the geometries and the difficulties related with the
stability of the nanojunctions. We finally show the electronic structure of the different geometries analyzed as well as
the I-V characteristics obtained.
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A. Methodology

Ab-initio simulations have been performed with the density functional theory (DFT) code SIESTA[40], which uses
norm-conserving pseudopotentials to get rid of the core electrons, and pseudoatomic orbitals in the basis set to
span the valence states. We have used in this case an optimized double-ζ basis set, which is enough to describe
accurately the graphene band structure. We have chosen the exchange and correlation potential in the local density
approximation (LDA) as parametrized by Ceperley and Alder [41], but we expect that our results should be robust
enough to withstand the use of more accurate functionals describing better the van der Waals interaction[42]. The
density, the hamiltonian and the overlap matrix elements have been calculated in a real space grid defined with a
cutoff of 300 Ry. The structural relaxations of the junctions have been obtained using a single k point which is enough
to converge those properties. All forces have been relaxed up to a tolerance smaller than 0.001 eV/Å. For a correct
analysis of the electronic structure including the Density of States we have tested two different grids looking for a
compromise between reliable results and admisible computational time. The tests included grids with 30×30 k points
and with 500×1 k points; in this second case the k points were distributed along the direction perpendicular to the
transport. The results obtained were very similar in both cases.
The graphene sheets extend in the XZ-plane, with the wedges and nanojunctions oriented along the Z-axis and the

sheet width extended along the X-axis. We have used periodic boundary conditions along the three spatial directions,
so that graphene sheets in neighboring simulation cells are connected along the X and Z directions to avoid the
presence of additional edges that would distort the electronic structure. We have measured sheet lengths counting the
number N of dimer/zigzag lines for the armchair/zigzag direction, following the convention for graphene nanoribbon
unit cells. The simulated sheets have a width N in the range 10 to 20. Along the transport direction, they have 3
unit cells, corresponding to N = 6. We have then appended the wedges, whose edges have been passivated with an
hydrogen atom per carbon atom.
The transport calculations have been carried out with the aid of the non-equilibrium transport code SMEAGOL[43].

The system has been divided in three pieces: left lead, right lead and extended molecule. The leads transport channels
impinging from each lead onto the molecule have been determined with a previous calculation for each different lead.
These leads calculations require simulating a bulk unit cell with nearest neighbors coupling and periodic boundary
conditions. The lead’s electronic structure must be converged using a sizable number of k-points along the directions
parallel and perpendicular to the electronic transport. The lead’s calculations serve to determine the self-energies of
the electrodes and to ensure that the electronic structure at the two edges of the junction agree with those of a bulk
lead.
The extended molecule includes the central part of the junction (molecule attached to graphene wedges) and also

some layers of the graphene leads to further ensure that the electronic structure at the edges agrees with the lead’s
electronic structure. The atomic coordinates must match those of the leads. Furthermore, basis functions and accuracy
parameters must also be consistent with those of the lead’s calculations. The code computes the electronic structure
using the non-equilibrium Green’s functions formalism. We have used in the present calculation 10 k-points in the
direction transverse to the electronic transport, and have converged the density matrix down to a tolerance smaller
than 5x10−5. We have extracted the transmission coefficients of the junctions and its current at the end of each
simulation.

B. Geometries analyzed

The geometries we analyze are sketched in Figs.13-14-15, which could mimic the nanogap junctions fabricated in
Ref. [19]. We also mention that controlled fabrication of the mixed wedges shown in Fig. 14 has been demonstrated
in Ref. [18]. To simplify matters, the geometry of the proposed junctions is such that the tips of the two wedges face
opposite to each other. We have simulated the wedges at two different separations, which are also shown in Figs.
13-14-15. The different shapes and distances enable the molecules to position themselves at the most favorable energy
minima. The tip-to-tip distance must be tailored to be of the order of, or somewhat smaller than the length of the
molecule, because a single molecule of length L can only bridge the two graphene wedges provided that the two tips
are positioned at a distance d equal or slightly smaller than L.

C. Force relaxation

We describe first the details of the force relaxation simulations of the wedge junctions bridged by BDT molecules.
We have simulated first fully passivated wedges. For each given simulation, we have placed initially a single Benzene-
dithiolated molecule close to the two tips, and then have relaxed the forces. Most of these simulations end with a
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FIG. 13: Schematic view of an armchair wedge junction bridged by a BDT molecule, where the tips at separated by (a) 9.4
Å and (b) 7.1 Å. The distance is measured between thelast carbon atoms at both wedges.

FIG. 14: Schematic view of a mixed zigzag-armchair wedge junction bridged by a BDT molecule, where the tips at separated
by (a) 9.5 Å and (b) 7.2 Å. The distance is measured between the last carbon atoms at both wedges.

fully developed junction. Both the graphene wedges and the molecules are slightly bent or deformed at the end of
the simulations to accommodate for their chemical bonding. Further, we have performed simulations that include
two molecules to check the rate of single versus double molecule junctions. Indeed, both single or double junction
formation are achieved when the two molecules are initially placed at opposite sides of the tips. However, we have
found that if the molecules are placed initially not too far away from each other, the sulfur atoms at the two molecules
rather bind to each other and no junction is developed. We are led to conclude that junction formation is highly
implausible for fully passivated wedges and thiolated molecules, since the molecules bind to each other time before
reaching the junction area. To fix this problem, we have substituted the thiolate by thiol end-groups at the sides
of the molecules, We have checked that thiol-capped molecules do not bind to each other, but their reactivity is so
reduced that they do not bind to the graphene edges either. We have indeed been unable to achieve the formation of
a single junction in any of the simulations carried out.
At this point we have to point an important issue found during the relaxation process. Initially and in order to

speed up the simulations, we used simple − zeta (SZ) basis and found that thiol end-groups were able to bind with
fully passivated wedges. In order to improve the reliability of the simulations, we took the final result given by these
preliminar cases and use doble− zeta (DZ) basis for a final relaxation. Here we found that the well stablished bonds
between thiol end-groups and the wedges given by SZ basis were unstable under DZ basis. So, we have kept DZ
hereafter as our working basis.
We have decided as a consequence to passivate the wedges only partially, so that one or several of the passivating
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FIG. 15: Schematic view of a zigzag wedge junction bridged by a BDT molecule, where the tips at separated by (a) 9.6 Å and
(b) 8.2 Å. The distance is measured between the last carbon atoms at both wedges.

hydrogen atoms in the vicinity of the tip area are missing, and to cap the molecules with thiol, instead of thiolated,
end-groups to avoid the chemical bonding between any two of them. We have found that the edge areas containing an
unpassivated carbon and its nearest neighbor carbon atoms are extremely reactive. When the molecules reaches the
unpassivated area, their sulfur atoms are stripped off their hydrogen terminations. Molecule-wedge chemical bonds
are hence formed, where the sulfur atoms are bound to the previously unpassivated carbon atoms, and the stripped
hydrogens are attached to other nearby carbon atoms at the graphene edge. Further, the hydrogen affinity of the edges
is so large that in some cases the inner carbon atoms of some of the molecules are also stripped off their hydrogen
atoms, which end up attached to other previously unpassivated edge carbon atoms. We have performed simulations
with unpassivated areas at both wedges. We have found that junctions are made only when the distance d between
the unpassivated carbons is approximately equal to the length L of the molecule. Those simulations where d is larger
or considerably shorter than L end up with the molecule being attached to only one of the passivated areas, but not to
the other. In contrast, those simulations where L is only slightly larger than d most likely end up with the formation
of the junction. To this end, both the molecule and the tips bend and distort slightly, to make room for the chemical
bond. Typical final configurations are shown in Figs. 13-14-15. For armchair wedges the molecule is bound to carbon
atoms at the side of the wedge tip and is oriented roughly perpendicular to the graphene planes. This effect is due
to the particular directionality of the C-S bond, which give non-trivial structural configurations. We have found a
similar effect for the mixed wedges. In contrast, zigzag wedges are terminated in a single carbon atom. In this case,
BDT molecules find it easier to orient roughly parallel to the graphene layers.

We have addressed the mechanical stability of the junctions at room temperature by carrying out Molecular Dy-
namics simulations using a Nose thermostat with target temperature of 300 K. The temperature profile of a typical
run then oscillate about the target temperature as a function of the Molecular Dynamics steps, with temperature
peaks as large as 500 K for some of the steps. We have found that the molecule and carbon atoms at the junction
area undergo collective motions as the vibrational modes of the junction are activated. But even with these strong
vibrations, the integrity of the junction is maintained throughout all the steps of all the simulations carried out. These
simulations hence indicate that graphene-wedge molecular junctions could be stable at room temperature.

Similar works have been performed considering BPD molecules obtaining similar results, that is, the molecule only
bonds a partially passivated wedge.

D. Electronic properties of wedge-BDT-wedge junctions

We analyze now the electronic structure of the three wedge junction types shown in Figs.13-14-15. The top panels
in Fig. 16 show the total density of states (DOS) of the junctions without bridging molecules, which sheds a tentative
idea of how the leads conduction channels are distributed in energy. Note that the DOS shape of armchair wedges
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FIG. 16: (a1-b1-c1) Total DOS (in arbitrary units) of graphene wedge junctions without a bridging molecule; (a2-b2-c2) Same,
but with a bridging BDT molecule. (a3-b3-c3) DOS (in arbitrary units) of the BDT-bridged junctions, projected onto the
molecule orbitals. Left, center and right panels correspond to armchair, mixed and zigzag wedges. Wedge-wedge distances
correspond to the shortest-distance cases shown in Figs. 1-2-3. Solid black and dashed red lines in panels (c1), (c2) and (c3)
correspond to up and down spins.

(Fig. 16 (a1)) resembles closely bulk graphene’s DOS, as is the case of large-width graphene nanoribbons [44]. The
peaks are due to the finite number of k-points used. In addition these junctions show a small gap about the Fermi
energy EF. Mixed and zigzag wedges show additional peaks about EF associated with edge states. These edge states
hybridize with BDT’s frontier orbitals giving rise to a finite DOS projected on the molecule orbitals (PDOS) as shown
in Figs. ?? (b3-c3). In addition, zigzag wedges are spin-polarized. This spin polarization is also transmitted to the
BDT molecule, as demonstrated by the peaks in the PDOS shown in Fig. 16 (c3). In contrast, armchair and mixed
wedges are non-magnetic.
To learn how are these edge states distributed spatially, we have plotted the wedge Local Density of States (LDOS),

integrated in a window from −0.5 to +0.5 eV about the Fermi energy. We have found that charge is driven away
from the edges for armchair wedges, as is shown in Fig. 17 (a). In contrast, mixed wedges have large edge segments
with zigzag arrangements, which show accumulation of charge. The tip of these wedges however shows an armchair
arrangement; consequently, charge is driven away from the wedge tip, as is shown in Fig. 17 (b). Zigzag wedges show
spin-polarized edge states all the way up to the wedge tip, except for the last carbon atom, as can be seen in the
LDOS plotted in Fig. 17 (c).
The junctions transmission coefficients T (E) are shown in the three bottom panels in Fig. ??. The top panels show

the transmission coefficients multiplied by 107 for similar junctions, where the BDT bridging molecules have been
replaced by passivating hydrogen atoms. In addition the gap length in this second set of junctions has been adjusted a
little to allow for a tiny but finite overlap between those terminating hydrogen atoms, so that transmission coefficient
would be non-zero. Notice that the behavior of the top panels roughly matches with that of the equivalent bottom
panels, signaling that the functionalities of these devices are brought about by the specific wedge shape in each case.
This was of course expected given the known non-functional behavior of BDT molecules when contacted by noble
metal electrodes. The transmission of armchair wedges is quite featureless and small, while for mixed wedges the
transmission is small but shows a marked dip pinned at the Fermi energy. Zigzag wedges are much more interesting.
Here, sharp transmission peaks around the Fermi energy are apparent. T shows only one spin polarized peak on each
side of the Fermi level which is correlated with the peaks in the DOS curves shown in the right panels in Fig.16. We
expect that the sharp peaks should give rise to much higher values of the current in the I − V characteristics than
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FIG. 17: Local Density of States integrated in an energy window around the Fermi energy for (a) armchair, (b) mixed and (c)
zigzag wedges. For zigzag wedges we show only the majority spin component of the charge.

FIG. 18: (a1-b1-c1) Transmission coefficients of graphene wedge junctions without a bridging molecule multiplied by107; (a2-
b2-c2) Same, but with a bridging BDT molecule. Left, center and right panels correspond to armchair, mixed and zigzag
wedges. Wedge-wedge distances correspond to the shortest-distance cases shown in Figs. 1-2-3. Solid black and dashed red
lines in panels (c1) and (c2) correspond to up and down spins.

for the former two types of junctions. Furthermore, spin-filtering phenomena should appear.
We calculate the current by integrating the bias dependent transmission coefficients T (E, V ) in an energy window

given by the voltage bias. The I−V characteristics for armchair junctions show ohmic-like behavior at small voltages
as shown in Figs. 19 (a1-a2). The absence of transmission resonances close to the Fermi level is manifested in the
small values of the current. This behavior can also be understood by inspecting the LDOS shown in Fig. 17 (a),
where it is apparent that the charge within the graphene wedges accumulates far away from the junction. Mixed
junctions show a semiconducting shape, where a gap is apparent followed by a steep rise in the conductance. Further,
the current changes by more than one order of magnitude when approaching the two edges from 9.5 Å to 7.2 Å. This
can again be understood by inspecting Fig. 17 (b), where it is clear that the BDT molecule attaches to atoms having
a finite LDOS for the closer distance (corresponding to Fig. 14 (b)), but not when the edges are separated by 9.5
Å which corresponds to Fig. 14 (a). For zigzag junctions, the sharp spin polarized transmission peaks at low energies
result in a spin filtering effect which we show in Figs. 19 (c1-c2). These I−V characteristics also show a strong NDR
effect, whose origin can be traced to a shift in energy and a change in shape of the spin-polarized transmission peaks
shown in Fig. 18 (c1-c2) as the bias voltage increases, as we will show below. Reducing the distance between the two
edges from 9.6 Å to 8.2 Å yields a change in the current of more than two order of magnitude. To understand this
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FIG. 19: I − V characteristics of the system composed of wedge-BDT-wedge junctions for (a) armchair, (b) mixed and (c)
zigzag edges. Top/bottom panels correspond to longest/shortest distances between the graphene edges shown in Figs. 1-2-3.
Solid black and dashed red lines in panels (c1) and (c2) correspond to up and down spins.

FIG. 20: Spin-polarized energy-dependent transmission of a BDT zigzag junction, plotted for voltages increasing from 0 to 0.6
volt in a logarithmic scale.

change one must again look at Fig. 16 (c) and realize that when the molecule attaches right at the wedge tip (Fig.
15 (a)), there is no charge available for transport at low voltages, while if the molecule attaches to the neighboring
carbon atom (Fig. 15 (b)), then the edge state hybridizes strongly with the sulfur atom as is shown in Fig. 17 (c).
To understand better the origin of the NDR effect in zigzag BDT junctions we plot in Fig. 20 the transmission

coefficients T (E, V ) as a function of the energy E for several voltages V increasing from 0 to 0.6 volt. Notice that
the height of the peaks decreases and splits in two as the voltage is increased. To understand this behavior we focus
now on the molecular orbitals associated with the transmission peaks. These are localized mainly at the sulfur atoms
placed at the two edges of the molecule. They are responsible for the coupling between molecule and electrodes. These
orbitals give rise to bonding and antibonding molecular orbitals. It turns out that the impact of a voltage bias on
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FIG. 21: Local Density of States of BPD junctions integrated in an energy window around the Fermi energy for (a) armchair,
(b) mixed and (c) zigzag wedges. For zigzag wedges we show only the majority spin component of the charge.

these frontier molecular is strong and non-trivial. When V increases the degree of localization at the coupling atoms
increases, they become asymmetrically coupled to the electrodes and their energy moves in opposite energy directions.
The evolution of the bonding and antibonding states produced by the above molecular orbitals with the bias voltage
is the main mechanism triggering the NDR behavior in these junctions. The mechanism however is generic and could
be applied to any other junction where frontier molecular orbitals are located close to the Fermi energy. We therefore
suggest that a necessary condition for the appearance of NDR in small molecules coupled to metallic electrodes is
the existence of these side molecular orbitals. A simple model that captures the essential features of the NDR effect
consists of two metallic monoatomic chains having localized states at the edges which interact across a vacuum region
as explained in [28]. The more localized the states and the less interaction between them the lower the voltage where
the NDR peak appears but the lower also the value of the current and the value of the peak to valley ratio. The key
features of an efficient NDR device are a low value of the peak voltage and a high peak to valley value of the current.
These can be tuned by balancing the degree of localization of the edge states and their coupling across the vacuum
region.

E. Electronic properties of wedge-BPD-wedge junctions

To test for the impact of the contact atoms on the transport properties, we have carried out simulations where
the bridging BDT molecule in the junctions shown in Figs. 13 (a), 14 (a) and 15 (a) has been replaced by a BPD
molecule. This means that the new set of calculations has been performed only for intermediate junction gap lengths
of about 9 Å, and with the geometries shown in Fig. 21. The total DOS and the DOS projected onto BPD’s nitrogen
and carbon atoms are shown in Figs. 22 (a1-b1-c1) and 22 (a2-b2-c2), respectively. Notice that the DOS shows now
a sharp peak close to the Fermi level for the three wedge junctions. To check for the spatial location of the state
associated to that peak we have plotted in Fig. 21 the LDOS integrated in a small window in energy which only
retains the peak. The figure demonstrates that the state corresponds to a molecular orbital extended throughout
the whole molecule now. The corresponding transmission peak or Fano-like resonances, shown in the bottom panels
in Fig. 22, are pinned at the Fermi energy and should lead to a dramatic increase in the current of armchair and
mixed wedge junctions, as compared to their equivalent BDT junctions. The I − V curves of these wedge junctions
are shown in Fig. 23. Notice indeed that the current of the armchair and mixed wedge junctions increases by several
orders of magnitude, although both I − V curves retain the ohmic-like behavior displayed in BDT junctions. BPD
armchair and mixed junctions do not show NDR behavior because the new molecular state associated with the PDOS
peak is localized inside the molecule and not at its edges, and is therefore not strongly affected by the bias voltage.
Zigzag BPD junctions also show an increase of the current of two orders of magnitude although the effect is not

so dramatic as for armchair and mixed junctions, see Fig. 22 (c). To understand this we compare in Figs. 23 (a),
(b) and (c) the amount of charge associated with the molecular state, which is clearly smaller for the zigzag junction.
The SP and NDR behaviors of the zigzag BPD junction shown in Fig. 23 (c) are not so marked as for BDT molecules
as well. The reason behind the reduction of the two effects can also be traced to the new molecular state responsible
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FIG. 22: (a1-b1-c1) Total DOS. (a2-b2-c2) DOS projected on the molecule atoms. (a3-b3-c3) transmission coefficients of
wedge-BPD-wedge junctions. Left, middle and right panels correspond to armchair, mixed and zigzag wedges. Solid black and
dashed red lines in panels (c1), (c2) and (c3) correspond to up and down spins.

FIG. 23: Current as a function of bias voltage for BPD junctions with (a) armchair (b) mixed and (c) zigzag wedges.

for the current increase. The point is that this molecular orbital is not so affected by the graphene edge states as the
sulfur atoms in BDT junctions were.
Fig. 24 shows the behavior of the energy-dependent transmission coefficient of a BPD mixed junction as the voltage

is ramped up from 0 volt. Notice how a Fano-like resonance develops such that a dip feature emerges as V increases.
Further, notice that the peak and the deep move in opposite energy directions to make the resonance wider. Because
the peak moves to lower negative energy values when V increases, a large fraction of its weight remains out of the
integration window. This is the reason why the I−V characteristics of mixed junctions show a semiconducting shape.
The voltage dependence of the transmission coefficients of zigzag junctions is shown in Fig. 25. Here the split frontier
orbitals are non-degenerate even at zero voltage. Ramping up the bias further splits the peaks. However the position
and height of the dominant peak does not change much. This peak corresponds to the molecular orbital centered
within the BPD molecules, which is not too strongly affected by the bias. In contrast the position and height of the
other peak are severely affected by the voltage. This NDR effect is not so marked as for the zigzag BDT junction
because here it results of a trade-off of the evolution of the different transmission peaks.
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FIG. 24: Energy-dependence of the transmission coefficient of a BPD mixed junction for voltage biases ramped from 0 to 0.6
volt.

FIG. 25: Energy-dependence of the spin-up transmission coefficient of a BPD zigzag junction for voltage biases ramped from
0 to 0.6 volt.

3. TRANSPORT IN MOLECULAR JUNCTIONS BASED ON DEPOSITED CURCUMINOID

MOLECULES BETWEEN GRAPHENE SHEETS

In the previous section we have shown the properties of different molecular junctions based on graphene leads with
molecules attached to the edges. Depending on the shape of the edges, the resulting nanocircuits may show interesting
chracateristics such as spin filtering, Fano resonances or negative differential resistance. However, from a practical
point of view it looks like very difficult the implementation of such kind of devices with the current technology. On
one side we have that the gap length between graphene leads shall be perfectly tuned to be only a bit larger but of
the order of the molecule length, which requires a fine control of the opening because the molecules analyzed are too
short; this also involves possible tunneling effects between the leads. On the other side, even in the case of considering
larger molecules and gaps, it was required a partial passivation of the edges there where the molecular junction is to
be formed; this requires a full control of the local passivation conditions, almost atom by atom. Finally and more
important, it is not an easy task to taylor the geometry of the graphene edges to have perfect zig-zag or armchair
wedge geometry as was assumed in our calculations. It is expected to have geometries with irregular shapes without
a definite geometry so that the molecule may connect with zig-zag edges on one lead and armchair on the opposite
to say the least. Definitely, all these issues will result in a lack of control on the final characteristics of the molecular
junction.
A way to get rid of these problems is by considering molecular junctions with large molecules physisorbed onto

the bulk graphene electrodes, avoiding any edge effect [54]. In this way, the electronic properties of the system will
be more stable and universal. The molecules will anchor the graphene electrodes through van der Waals bonds.
Using molecular wires based on porphyrins and phtalocyanines, it is found universality properties as the molecule
Breit-Wigner resonances are located at the same energies irrespective of the physical gap length and the position of
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FIG. 26: Relaxed geometry of the simulated molecular bridges based on anthracene curcuminoids between graphene electrodes.
Zig-zag (a) and armchair (b) edges have been considered.

the molecule with respect to the sheet.
The practical development of molecular junctions following this method may not be so far from actual implementa-

tion. In [53] is described a method to build a similar system based on few-layer graphene nanogap electrodes that are
stable at room temperature. This work shows the formation of nanometer separated few layer graphene electrodes
using feedback controlled electroburning. By means of this method it is possible to build gap sizes of the order of 1-2
nm and it is reported that electrodes are stable and display only small variations in the tunneling characteristics after

several weeks when stored in vacuum.

The junction is closed by means of deposited anthracene functionalized curcuminoid molecules. The anthracene
groups of the molecules interact with the π-system on the top of the graphene layer to obtain a strong and stable
anchor to the electrodes whereas the curcuminoid provides the electron density necessary for charge transport. We
have to note that the length of the molecules used in this work is of the order of the gap size so the anchoring will
involve the edge carbons of the graphene leads. Thus, the junction is not an exact realization of the systems described
in Ref. [54] in such a way that it is expected that the edge geometry will have influence on the transport properties.

We have tried to reproduce the results obtained in Ref. [53] by calculating the I-V characteristics of an anthracene
curcuminoid nanojunction. For this, we have initially relaxed the structure for forces below 0.01 eV/Å. We have
considered both armchair and zig-zag graphene edges passivated by hydrogens and with a regular shape, that is, we
have not considered any possible irregularity such as the wedges o our previous calculations. The actual shape of
the graphene edges in the experiment is not known and will be probably irregular, but as a first approximation we
have used this assumption. We have considered a distance between graphene leads of 1.5 nm which is in the range
of the actual gap sizes cited in Ref. [53]. For transport calculations we have used SMEAGOL and GOLLUM [55].
GOLLUM also calculates the I-V characteristics by using the transmission coefficients for V=0. We have used the
van der Waals functional [56, 57] to account for the long distance forces that will be important in systems like the
one described in which the bonds are mainly provided by van der Waals interactions.
In the Fig. 26 (a) and (b) are shown the relaxed geometries for both cases. In the Fig. 27 are given the density

of states and the transmission coefficients for the molecular junction with zig-zag graphene leads, whereas the Fig.
28 shows the I-V characteristics obtained by SMEAGOL and GOLLUM compared with the actual results obtained
in Ref.[53], indicated with dotted lines. The black line shows the results for the graphene leads after electroburning
without molecule while the red curve indicates the characteristics with the molecules already deposited.
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FIG. 27: DOS and transmission coefficients obtained for the molecular junction with zig-zag graphene edges.

FIG. 28: I-V characteristics obtained for the molecular junction with zig-zag graphene edges using GOLLUM and SMEAGOL.
The results obtained in [53] are included for comparison. At low voltage there is no signature of NDR.

We see that for low voltages SMEAGOL agrees with the actual results (red dotted curve) but there is a point in
which the slope of the last increases while the first keeps almost constant. This signals that Breit-Wigner resonances
corresponding to the molecule are closer to the Fermi level in the real system. The peaks contributing to the
conductance correspond to the LUMO level of the anthracene curcuminoid as is clear from the compariosn of PDOS
and the transmission coefficients. We stress anyway that the order of magnitude of both I-V results is the same in
the range of voltages considered.
If we trust on the qualitative shape of the transmission curve obtained by SMEAGOL, we see that there is no trace

of Fano resonances for low voltages and also there is no significant broadening of the resonances for higher voltages,
so it is not foreseen the presence of NDR according to the results in the previous sections. The reason for this is that
the molecular orbitals participating in the electronic transport at such low voltages are centered within the molecule
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and are thus not affected by the bias.

4. CONCLUSIONS

We have revised in this chapter the main characteristics of the graphene bulk bandstructure as well as of the
graphene nanoribbon (GNR) structures as a function of the edge shape. We have found that armchair GNRs may
show an open gap or may be metallic depending on the width of the ribbon, so that in principle, it is possible to design
structures based on armchair ribbons with desired properties by fixing the geometry. On the other hand, zigzag GNRs
exhibit edge states and also magnetic order, thus leading them to be potential candidates for their use in spintronic
applications among others.
In our initial analysis we have considered other transport phenomena of interest that could be present in a molecular

junction. Fano resonances are tied to the presence of localized states that interact with the transport process,
improving or suppressing the response at that given energy. On the other hand, negative differential resistance is also
a possible characteristic when there exist nearly-degenerated levels located at the contacts; when the bias potential
is increased, the degeneracy is broken and the levels are separated and broadened, reducing at the same time their
height and thus yielding a reduction of the transmission.
We have considered the electronic transport properties of different nanocircuits based on graphene leads and

chemisorbed molecular junctions. A more realistic approximation to the actual shape of manufactured graphene
edges has been considered by using wedge geometries with passivated carbons. We have seen that in order to be able
to attach molecules to these structures it is a necessary condition to kill the passivation in those carbons where the
junction is formed. We have made molecular dynamic simulations to verify this point and to test the bond stability,
finding that they are stable at 300 K.
We have made electronic transport calculations for wedge geometries bridged by benzene-dithiolate (BDT) and

bipyridine (BPD) molecules. Mixed graphene geometries with armchair wedges connected by zig-zag edges show
Fano-like resonances. In the systems with zig-zag wedges is addtionally found spin-polarized and negative differential
resistance (NDR) functionalities irrespective of the molecule considered. In any case, the NDR of BDP based junctions
is located lower in voltage than for BDTs. The wealth of results obtained for simple non-functional molecules indicates
that graphene-wedge single molecule electronics could be exploited as a fruitful playground for new functionalities
provided that the shape of the edges could be controlled. On the negative side, such a variety of behaviors should lead
to strong tribological effects and large variability in the electrical response of these junctions if edge shape morphology
is not controlled at the atomic scale.
As a possible solution to solve the problem of tribology stands on a new concept in which long molecular wires are

physisorbed in bulk carbon atoms to avoid the influence of the edges on the transport properties. There are studies
indicating that these properties are more robust in terms of repeatability.
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CONCLUSIONS

In this thesis we have covered different works related with the Density Functional Theory (DFT) and the Kohn-
Sham (KS) picture. In the initial chapters we have concentrated on theoretical aspects related with the performance
of the DFT picture in the description of strongly correlated systems. We have focused our attention on the Anderson
and Hubbard dimers, for which we have had to apply an extension of DFT to lattice models, known as Site Occupation
Function Theory (SOFT). We have found the KS hamiltonians of those systems for different electron numbers and
we have analyzed different topics such as the derivative discontinuity, the estimation of the fundamental gap or the
quasi-particle spectrum.

The main conclusion we can extract from these studies is that even an exact SOFT (DFT) theory is incomplete on
the description of strongly correlated systems. The deficiencies of SOFT (DFT) are not only related with the use of
approximate functionals but are intrinsic to them by construction. SOFT (DFT) are built to provide the ground-state
properties of a system and we have seen that they are exact in that case irrespective of the correlations. Magnitudes
such as the ground-state energy or the ionization energy are correctly estimated by SOFT (DFT). However this picture
is incomplete when is used to describe excitations.

These deficiencies are softened when it is considered a weakly correlated system. In this case the KS-SOFT (-DFT)
description provides a rough mimic of the real system. Furthermore, for closed-shell systems the KS-SOFT (-DFT)
picture produces very good approximations in the charge-transfer regime even for strongly correlated systems. This
suggests that a large asymmetry may suppress the correlations although, as said, only in the case of closed-shell
systems; for open-shell systems this is no longer true.

We have also seen the importance of the derivative discontinuity on the description of the fundamental gap or the
stretched limit of a molecule. At this respect we have seen that although the discontinuity of the KS potential at
integer electron numbers is well known, there is a second discontinuity at half-filling occupations (for fixed electron
numbers) that is not always taken into account by the existing functionals so producing incorrect descriptions of the
dissociation limit of molecules.

Our secondary objective in this first part of the thesis has been to fill a gap between the many-body and the
DFT communities. The analysis of simple lattice models has not only allowed us to find explicit expressions of the
functionals, correlation energies and excitations but also has served to build a bridge between both communities. We
hope that this work will be useful especially for many-body people to understand better the DFT world.

In the second part of this thesis we have covered more practical aspects using KS-DFT tools to simulate real systems
of atoms. In chapter 4 we have made a deep analysis of the magnetic properties of 3d and 5d organometallic molecules.
Our aim has been to find molecular magnets with a huge magnetic anisotropy so that they can be used as magnetic
bits in new generations of magnetic storing devices. To reach lifetimes of the order of years at room temperatures
the molecular magnet shall have anisotropies of the order of 1 eV. Our analysis have shown that although a large
magnetic anisotropy is possible in 5d molecular dimers provided by strong spin-orbit coupling, when we encapsulate
the metallic atoms in organic molecules both the spin and the angular momenta are quenched. In general only low
spin configurations survive with the angular momentum partially or totally quenched. This kills the anisotropies of
the naked metallic atoms. We have found some exceptions but with anisotropies one order of magnitude below the
1 eV limit indicated. Thus, it seems difficult to find a good candidates based on 5d elements for such new storing
devices generations. More promising are the molecules based on f elements because those orbitals do not usually take
part on the chemical bonding and may keep their spin-orbit interaction strength intact.

In the final chapter we have dedicated our work to the analysis of molecular junctions based on graphene electrodes.
We have found non-trivial functionalities in the systems simulated: Fano resonances, Negative Differential Resistence
(NDR) and spin-filtering. We have made electronic transport calculations for graphene wedge geometries bridged
by BDT and BPD molecules. Mixed graphene geometries with armchair wedges connected by zig-zag edges show
Fano-like resonances. In the systems with zig-zag wedges is addtionally found spin-polarized and NDR functionalities
irrespective of the molecule considered. In any case, the NDR of BDP based junctions is located lower in voltage
than for BDTs. The wealth of results obtained for simple non-functional molecules indicates that graphene-wedge
single molecule electronics could be exploited as a fruitful playground for new functionalities provided that the shape
of the edges could be controlled. On the negative side, such a variety of behaviors should lead to strong tribological
effects and large variability in the electrical response of these junctions if edge shape morphology is not controlled at
the atomic scale. A possible alternative to skip tribological issues stands on a new concept in which long molecular
wires are physisorbed in bulk carbon atoms to avoid the influence of the edges on the transport properties. There are
studies indicating that these properties are more robust in terms of repeatability.
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